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The principal objective of this investigation is to develop a better understanding
of the micromechanical behavior of these complex materials under compressive
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under Compressive Loading
1.INTRODUCTION
Compressive loading is often encountered in mining and mineral processes
during the comminution of ore bearing minerals, or alternatively, in thewear resistant
materials used in the comminution circuit. Other applications where the dominant
loading mode is compressive are more commonplace than often realized. For
example, most concrete structures are designed such that the concrete portion is
nominally under a compressive load.Similarly, particulate reinforced ceramics used in
high speed machining are typically loaded under compression during operation. A
common thread joining many of the materials that are used predominantly under
compressive loading is the presence of a high modulus secondary phase, either fiberor
particulate, embedded within a lower modulus matrix phase (i.e., a brittle
heterogeneous material). To date, many studies have focussed on the development and
experimental verification of micromechanical theories of compressive fracture in
materials containing holes [1-5], cracks [6-11], and random flaws [12,13]. Subhash
and Nemat-Nasser [14] have studied the micromechanical behavior of partially-
stabilized zirconia under compression using a modified Hopkinson bar technique.
Nevertheless, very little is understood about the linkage of micromechanical theories
(analytical/numerical) and theories based on observations (experimental models) for2
compressive loading of heterogeneous materials.
In heterogeneous materials, the micromechanical role of the interface under
compressive loading has not been well defined. This micromechanical role becomes
especially important in the case when an imperfect interface, i.e., one that does not
provide a coherent bond between the reinforcing phase and the matrix, exists within a
heterogeneous material. Examples of materials where this interaction is considered
important include: (i) fiber- and particulate-reinforced ceramics and glasses; (ii)
concrete, i.e., cement reinforced with aggregate; and (iii) white cast irons, i.e., eutectic
mixtures of Fe and metal carbide.Concrete, a chemically-bonded ceramic, is a prime
example of a heterogeneous material with an imperfect interface. The interface that is
formed between the cement and the high modulus aggregate is very brittle, and
essentially provides only a frictional bond between these phases [15-18].
A concern to the materials designer/engineer is the development of deleterious
stress concentrations around these hard secondary phases under compressive loading.
Stress concentrations are primarily influenced by three factors (i) the nature of the
imperfect interface, (ii) the moduli mismatch between the secondary phase and matrix,
and (iii) the volume fraction of the secondary phase. How these three factors interplay
under compressive loading is the focus of this investigation.3
1.1Review of Micromechanical Theory as Applied to Heterogeneous Materials
An important problem in the micromechanics of solid-state deformation in
heterogeneous materials is to determine the location and the magnitude of stress
concentrations around secondary-phase fibers or particulate. Some of the earliest work
was done by Goodier [19] who developed simplified formulas for the evaluation of
stress concentrations around rigidly-bonded elastic cylindrical and spherical inclusions.
His approach, based on the theory of elasticity, employed the solution of two sets of
axially-symmetric harmonic functions [20]: one set for the'external problem' or region
outside the hole or cavity, and another set for the 'internal problem' or the region
consisting of a cylinder or a sphere.The complete solution required that perfect
continuity exist across the secondary-phase and matrix interface; that is, that it have a
perfectly coherent interface. Goodier [19] also noted that "The intensification of
applied stress due to a small inclusion not near a boundary depends on its geometrical
form but not on its absolute size."In other words, theory of elasticity solutions are
independent of inclusion size (scale independent).
The effects of a particulate's geometric form was initially investigated by
Hardiman [21] for the two-dimensional case of an elastic ellipsoid embedded within an
infinite elastic plate. The basis of his solution involved mapping complex variable
functions from an elliptic boundary in the z-plane on to an annulus boundary in the
c -plane.Later, Eshelby [22] generalized this work to include both two-dimensional
(2-D) and three-dimensional (3-D) elliptic inclusions that are perfectly bonded to the4
matrix. Eshelby's solution involved an elegant application of complex integration that
required imaginary cutting, straining and welding operations to arrive at a series of
elliptic integral equations that describe the strain/stress behavior of a non-circular
inclusion.
Muskhelishvili [23] was perhaps the first to apply the theory of elasticity to the
micromechanical analysis of heterogeneous materials with imperfect interfaces.
Muskhelishvili's strictly 2-D (plane strain or plane stress), complex variable approach
allowed for the solution of a family of problems dealing with plates containing circular
holes into which disks of the same, or different, material have been inserted.In
particular, Muskhelishvili developed a solution for a frictionless cylindrical inclusion
within an infinite elastic plate. Figure 1.1(a) illustrates the frictionless interface
arrangement. However, because of the mathematical limitations of the analytical
formulation, the frictionless interface solution requires continuity of radial
displacement and stress across the interface. That is, all shear strains and stresses
must vanish across the interface, with the only interaction between the two bodies
reduced to a normal pressure (compressive or tensile) along the interface. This
requirement imposes an unrealistic physical behavior upon the composite material
model, that is, if the interface is truly frictionless, then tensile radial stresses must be
zero along the interface. Muskhelishvili [23] was aware of the limitations of his
model and suggested that a uniform expansion of the cylinder (such as one produced
by a uniform thermal expansion of the fiber) would negate the formation of these5
Frictionless iinterface
- Matrix n - Reinforcement
Thin, elastic interface
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(a)
(b)
Figure 1.1Schematics of the two types of imperfect interfaces (a) frictionless
interface (uand uare the normal and tangential displacements)
and (b) thin, elastic interface surrounding the reinforcement.6
interfacial tensile radial stresses under both tensile and compressive loading.
The 3-D case of a spherical inclusion with a frictionless interface was
investigated by Ghahremani [24]. Using Legendre polynomial equations developed by
Lute [25] for both the external and internal problem, Ghahremani applied
Muskhelishvili's [23] interfacial boundary conditions to generate an axisymmetric
strain/stress solution for the frictionless case. The same assumptions and limitations
hold for Ghahremani's [24] solutions that apply for Muskhelishvili's model [23].
The more difficult problem of an ellipsoidal inclusion with a frictionless
interface around was investigated by Mura, et al. [26-28]. In earlier work [26,27],
Mura looked at the 3-D problem of an elastic ellipsoidal inclusion, and later,
coauthored work with Tsuchida [28] on the 2-D elliptic inclusion. In bothcases,
Muskhelishvili's [23] frictionless interfacial boundary conditions were required for the
solution to be analytically tractable. Mura's solutions involve numerical solution of
infinite series, and were developed from Legendre functions for the 3-D ellipsoidal
inclusion [26,27] and from Papkovich-Neuber displacement potentials [20] for the 2-D
elliptic inclusion [28].
Other analytical work on imperfect interfaces [29,30] have used the analogy of
a very thin interfacial elastic layer capable of supporting both normal and tangential
displacements and stresses. Figure 1.1(b) shows a schematic of this type of imperfect
interface. This description of the imperfect interface is based primarily on the
assumption that normal and tangential displacement discontinuities are proportional to
their respective traction components. Based on these interfacial assumptions, Hashin7
[29] used Lure's Legendre polynomial approach for the external and internal
formulations [25] of the governing equations. Hashin [29] then constructed an
axisymmetric solution for the case of a thin elastic layer surrounding an elastic
spheroidal inclusion within an infinite matrix.Later, analytical work by Laird and
Kennedy [30] resulted in the development of a 2-D solution for an elastic cylindrical
inclusion with a thin elastic layer.Analytical solutions have not yet been extended to
the 2-D and 3-D cases of an ellipsoid inclusion with an elastic layer.
Although modeling the imperfect interface as a thin elastic layer overcomes
some of the limitations of Muskhelishvili's [23] frictionless interface, problems remain.
For example, if the interfacial layer is assumed to be very thin and compliant, then
upon compressive or tensile loading the matrix will penetrate the fiber or particulate.
This analytical behavior is, of course, impossible in real material systems. Another
limitation is that the analytical solution assumes perfect continuity of the radial and
tangential strains and stresses between the reinforcement, interface, and matrix; in
other words, no debonding or frictional behavior is allowed.
In general, the limitations of these analytical solutions are the inability to
model: (i) the debonding which can occur between the matrix and the fiber or
particulate; (ii) the continuity of radial displacements and stresses which result in
tensile radial stresses for a frictionless inclusion or interpenetration for a thin elastic
interface; and (iii) the effects of non-dilute concentrations of the reinforcing phase, i.e.,
volume fraction considerations. Nonetheless, these analytical solutions do provide
some guiding principles about the micromechanical behavior of heterogeneous8
materials with imperfect interfaces.
Numerically, finite element modeling provides a robust methodology to
investigate the micromechanics of imperfect interfaces. Broutman and Agarwal [31]
have used this technique to the model the effect of a thin, elastic interfacial layer
surrounding a spherical particle and a short fiber. Although the interfacial boundary
conditions are identical to those subsequently used in Hashin's [29] analytical
formulation, Broutman's and Agarwal's 'unit cell' implementation of symmetry and
far-field boundary conditions allowed the effects of fiber and particulate volume
fraction to be investigated.If a periodic arrangement of reinforcement is assumed,
then a unit cell having one-quarter of the fiber (plane strain) or one-eighth of the
particulate (axisymmetric) at its corner is sufficient to model the heterogeneous
material. Volume fraction effects are created by adjusting the ratio of the radii of the
reinforcement to the unit cell dimension (i.e., unity) and certain easily prescribed
matrix boundary conditions (details are given in Section 2.2).In a later paper,
Agarwal and Broutman [32] showed that more complex 3-D finite element analyses of
heterogeneous materials with periodic arrangements of spherical particles give similar
results to that for the simpler 2-D axisymmetric analysis.It should be noted that their
solutions suffer from the same limitations as the analytical solution previously
described for a thin elastic interfacial layer, e. g., interpenetration can still occur if the
layer is very thin and compliant.
Later numerical work by Sohi et aL [33], Yeh [34] Furno and Nauman [35],
and Achenbach and Zhu [36,37], have also looked at the effects of imperfect interfaces9
(e.g., interfacial debonding). In all cases, a periodic arrangement of the reinforcing
phase was assumed; as such, the unit cell approachwas used to account for volume
fraction considerations. Sohi [33] and Yeh [34] have studied the effect of interfacial
debonding on heterogeneous materials but make no mention of the micromechanical
behavior of the matrix near the reinforcement. Furno and Nauman [35] studied the
effect of interfacial debonding between a soft, or low modulus, reinforcing- phase and
a hard, or stiff, matrix phase. Their results for stress concentration factors suggest the
logical conclusion that soft secondary-phases act as holesor cavities within the
heterogeneous material.In the above models [33-35], interpenetration was prevented
through the use of gap elements [38] along the interface. Thesegap elements are
discussed in greater detail in Section 2.2.
Achenbach and Zhu [36,37] used boundary integral equations to numerically
solve the case of a thin elastic interface around a fiber.In reference 36, they also
allowed for a displacement discontinuity, or debonding, to occuracross the interface,
but in neither study [36,37] is the issue of interpenetration addressed..
These numerical models describe only a limited range of the interfacial
behavior that is possible in heterogeneous materials. For example, in several of the
models [33-35] interfacial debonding is considered, but frictional effectsare ignored;
or an elastic interface is modeled, but interpenetration effects are ignored [36,37].
Furthermore, no attempt was made to determine the validity of the numerical solutions
by comparing them to existing analytical solutions for the imperfect interface.Finally,
none of the numerical results: (i) address the behavior of heterogeneous materials10
under compressive loading; (ii) compare numerically predicted behavior with
experimental behavior on a micromechanical scale; or (iii) present material
scientists/designers with a clear description of the effects of imperfect interfaces,
elastic moduli ratios and volume fractions of reinforcing phase.
Few experimental studies have addressed the micromechanical behavior
(mapping of displacements or strains) of heterogeneous materials under either
compressive or tensile loading. Although the literature includes several reports which
correlate micromechanical predictions with macroscopically observed behavior in
concrete [16-18] and several fiber reinforced composites [33-35,39], no studies have
directly correlated numerical/analytical predictions to micromechanical observations.
For example, Buyukorturk et al. [16] used the finite element method to create a 2-D
model (plane strain) of an imperfect interface around the reinforcing phase. They then
fabricated a concrete analog to the numerical model (a cement plate with periodically
arranged circular rock disks) and loaded the concrete model to failure. Crack patterns
around the reinforcing phase and through the cement matrix were compared with the
numerical model and found to be in good agreement. However, results from their
numerical model were generated using several interlocking assumptions about the
interfacial behavior between rock disk and cement paste. That is, interfacial bond
strength and failure criteria were based on the properties of monolithic cement paste
and not on the properties of the unique cement crystalline structure that grows from
the rock surface into the cement paste [15].Since no information was gathered on the
true micromechanical behavior of the imperfect interface, it is entirely possible that11
their results were simply fortuitous
One experimental method which can be used to gather micromechanical
information is moire interferometry (a whole field optical method that uses coherent
light to measure in-plane displacement) [40].This technique can be used to
accurately map the full-field displacements on a specimen surface with a resolution of
0.4167 pm per fringe (2400 lines/mm) [40].Details on laser moire interferometry are
given in Section 3.2.2.Joh [41] used this technique to accurately map and describe
the compressive frictional phenomena around a pin loaded joint. His studies focussed
on an aluminum pin inserted within a precisely drilled hole in a very thin (1.55mm)
aluminum plate (analogous to plane stress). As the pin was compressively loaded,
slip/stick behavior [42] was observed along the interface. As a companion to this
experimental work, Heyliger [43] and Morton et al. [44] created numerical simulations
(finite element models) of Joh's [41] experiments. Their numerical results showed
adequate agreement with the experiment. From this body of work [41-44] it can be
concluded that laser moire interferometry and finite element analysis compliment each
other, and can provide insite to the micromechanical behavior of imperfect interfaces
in heterogeneous materials under compressive loading.
1.2Objective of the Investigation
This work will strive to develop a fundamental and applied micromechanical12
knowledge about of the role of the imperfect interface in heterogeneous materials
under compressive loading. Within this framework, the main diagnostic tools will be
the calculation, measurement, prediction, and verification of stress concentration
factors in a variety of model heterogeneous material systems with frictional imperfect
interfaces. This study will focus on cylindrical (fiber) and spherical (particulate)
reinforced materials to illustrate the effects of interfacial bonding, moduli mismatch,
and volume fraction interactions.
The first part of this thesis (Chapter 2) presents several comprehensive
analytical solutions to describe an imperfect interface for both cylindrical (2-D) and
particulate (3-D) reinforcements. A new analytical solution is also presented for the
case of a thin elastic layer surrounding an elastic cylindrical inclusion.Nonlinear
finite element models are generated that more realistically reflect the interfacial
behavior of heterogeneous materials. These numerical models allow for interfacial
debonding, frictionless/frictional behavior, and rigid contact surfaces between the
reinforcing phase and the matrix (no interpenetration). The limitations of the 2-D and
3-D analytical models are then discussed and compared to the more robust
formulations offered by the numerical models.
A two-dimensional experimental model system (Chapter 3) is then developed
using glassy polymethylmethacrylate (PMMA) as the matrix and a steel pin as the
reinforcing phase. One type of imperfect interface is investigated in this
heterogeneous model system, i.e., the frictional interface that naturally exists between
the PMMA and steel pin. The model is loaded under uniaxial and biaxial compressive13
loading. The resulting in-plane displacements are measured using laser moire
interferometry.
Results from finite element models (Chapter 2) and the PMMA/steel rod
experiments (Chapter 3) are then compared and discussed (Chapter 4).Based on this
experimental verification, additional finite element models are then constructed to
investigate the effects of (i) frictionless and frictional imperfect interfaces, (ii) elastic
moduli mismatches between the reinforcement and the matrix, and (iii) increasing
volume fraction of reinforcement.
To investigate the correlation between stress concentration predictions
developed in Chapters 2-4 and crack initiation around a frictional interface, cast resin
model systems are developed and described in Chapter 5.These simple models use
steel pins embedded into cast polyester blocks. Model systems are subsequently
loaded under uniaxial compression until multiple fractures occurred. Crack initiation
sites along the interface are compared with numerical stress concentration predictions
and conclusions drawn as to the relevance of the numerical models.
Lastly, Chapter 6 presents a summary and some conclusions on the
interpretation of the analytical, numerical, and experimental results presented in this
investigation.14
2. ANALYTICAL AND NUMERICAL MICROMECHANICAL THEORIES
This chapter provides the necessary analytical and numerical formulations for
the theoretical study of the imperfect interface around cylindrical or spherical
reinforcements. A complete set of analytical equations and numerical models are
presented for the evaluation of stress concentration factors in materials having dilute
concentrations of reinforcements with imperfect interfaces.Solutions are presented for
both cylindrical (plane stress or plane strain) and for spherical (axisymmetric)
geometries. Finite element techniques are presented and applied to the construction of
heterogeneous models. Results are given for both analytical and numerical solutions.
Special attention is given to the advantages and limitations of both approaches with
respect to uniaxial compressive loading.
2.1Analytical Formulations for Heterogeneous Materials with Imperfect Interfaces
Solutions for cylindrical and spherical geometries fall into two categories.
Cylindrical solutions (plate) are solved through the use of complex variables while
spherical solutions (axisymmetry) are solved through the use of Legendre polynomials.
In both cases, the interfacial boundary conditions, whether frictionless or elastic, are15
identically prescribed.Uniaxial compression is applied to the plate (with a cylindrical
reinforcement at the center of the plate) and cylindrical (with a spherical reinforcement
at the center of the cylinder) geometries through separate formulations of the far-field
boundary conditions. The two-dimensional (plate) and three-dimensional
(axisymmetric) analytical formulations are based on theory of elasticity principles and,
therefore, involve differentiation and algebraic manipulation of the governing equation
set. The cylindrical and spherical coordinate systems used throughout this
investigation are shown in Figure 2.1.
2.1.1Imperfect Interfaces Around Cylindrical Reinforcements
Muskhelishvili's [23] approach using complex variable equations is followed to
generate two separate imperfect interface conditions around cylindrical reinforcements.
The first condition is for a frictionless interface (Muskhelishvili's solution). The
second condition is for a thin elastic interfacial layer.This latter solution for a thin
elastic layer around a cylindrical reinforcement was developed during the course of
this investigation.16
(a)
(b)
Figure 2.1Coordinate systems for an elastic (a) cylindrical reinforcement and(b)
spherical reinforcement within infinite elastic matrices. Uniaxial
pressure loading is applied alongthe Y-axes in both cases.17
Before the development of the subsequent analytical expressions, some elastic
constants must first be defined: E and v, E, and v and Eo and vo are the elastic moduli
and Poisson's ratio for the matrix, the interfacial region, and the reinforcement,
respectively. Defined relations are:
E E E
matrix:G= ,interface G ,and inclusion G =o ( 2- ( 1 + v) 2. c 1 + v 2- c 1 + v )
E E E
Kin K lso K
3.(12.v) 3. c 12 vi 1 3. c 12.v )
and: XMi34 v for plane strain and X1M
3v
for plane stress.
+ v
Muskhelishvili's [23] complex variable solution starts with two sets of
independent equations. The first set is for the external problem of an infinite elastic
plate with a circular hole and the second set is for the internal problem of a cylindrical
body. The heterogeneous solution is created by enforcing the prescribed interfacial
boundary conditions simultaneous between the two equation sets.In these equations
the constant R is the radius of the cylindrical reinforcement (Figure 2.1 (a)) and P is
the uniaxial far field stress.The equations for the external problem are:
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The problem of the frictionless interface arounda cylindrical reinforcement in
an infinite elastic matrix is solved by enforcing the following interfacial boundary
conditions:
oro(R,O)=a oro(R,O)=0.0 (2.11)
a rr(R,=6 orr(R, 0) (2.12)
vri.(R,O)=vorr(R,O) (2.13)which are sufficient if one considers that the radial stress and displacement
components can be broken up into sine, cosine, and constant terms to generate the
necessary solutions to the unknowns contained within the complex variable
formulation. Therefore, the constants can be shown [23] to have the following form:
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The second problem, that for an elastic interface, uses the same external and
internal set of equations as developed by Muskhelishvili [23], but requires a more
complicated formulation of the interfacial boundary conditions (viz. Hashin's [29]
formulation for an axisymmetric spherical reinforcement with a thin, elastic interface).
Derivation of the interfacial spring constants for thin, isotropic layer (t) surrounding a
cylindrical reinforcement can be given for plane strain by first considering the strain:r E
a
r
21
(2.17)
Under the action of a uniform expansion, CY, = Ge = a, equation (2.17) reduces to the
following expression:
G
With some rearrangement of terms, the radial spring constant can be definedas:
c
E
1 + v 2. v
and the tangential spring constant is defined simply as:
G
t
(2.18)
(2.19)
(2.20)
The interfacial boundary conditions for an elastic interface are then enforced as:
a rr(R,8)= a orr(R,O)=rlrr(R, 8)v orr(R, 0) ) (2.21)
03(R,8)= a or8(R,0)=c(vee(R,O)v 000(R,O) ) (2.22)22
Solving for the six unknowns (0, f30, y, yo, 8, and 50) as given in equations
(2.1) - (2.10) requires the solution of the following six equations. (Noteno attempt
has been made to simplify these equations- they have been left in the direct format as
formulated from the basic and displacement components for clarity of interpretation.)
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A computer aided mathematical package [45] was used to solve the equations
simultaneously and then directly apply the calculated values for the matrix and
reinforcement (J3, (30, y, yo, 5, and 50) into the set of complex variable equations
(equations (2.1) - (2.10)).This same computer software package was then used to
compute the stress values along the interface for the prescribed far-field boundary
conditions.
2.1.2Imperfect Interfaces Around Spherical Reinforcements
The spherical reinforcement (axisymmetric) problem is solved byan application
of Lure's [25] solution containing Legendre functions withsome important differences:
(i) following Ghahremani's [24] approach- Lure's equations are broken up into
axisymmetric (Legendre polynomial of order 2) and spherically symmetric (Legendre
polynomial of order 0) components to allow the imposition of uniaxialpressure
loading on the far-field boundary, (ii) the external and internal components of the
axisymmetric and spherically symmetric parts are combined (following Hashin's [29]
methodology), and (iii) solved as one set of equations.The six stress and displacement components that define the axisymmetric
component of the solution are:
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The companion set of spherically symmetric components are:
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while all other stress and displacement components are zero. The elastic constants are
G for the shear modulus and K for the bulk modulus. The bulk modulus is related to
E and u by: K=E/3(1-2u). A complete discussion of the relationships between the
various elastic constants for isotropic materials is given by Kelly and Macmillan [46].
The case of a frictionless interface around an elastic spherical reinforcement is
solved by enforcing the same interfacial boundary conditions as given in equations
(2.11) - (2.13) onto the axisymmetric and spherically symmetric components. For
example, in the spherically symmetric part, where the constants are A, Ao, B, and Bo,
only Bo = 0.0 is explicitly defined. However, since radial displacements within the
matrix must match the far-field displacements at infinity, A = 0.0.This leaves only
two unknowns for the two interfacial boundary conditions (equations (2.12) and
(2.13)):A =1
3. KK
3.K 4. G
3.K+- 4.G !
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Inserting these constants into the spherically symmetric components, gives the first
part of the frictionless interface solution for a spherical reinforcement.
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The eight unknown constants (A, A0, B, Bo, C, Co, D, and Do) required for the
axisymmetric solution can be reduced to four constants. Following the procedures27
used in the frictionless interface solution for a cylinder (interfacial boundary conditions
(2.11) -(2.13), several simplifications can be made: (i) A = 0.0 for finite stresses at
the far-field boundary, (ii) Co = Do = 0.0 to prevent singularities at the origin, and (iii)
B = 1.0 to enforce the requisite uniaxial pressure loading at the far-field boundary.
Hence, only four constants, Ao, Bo, C, and D remain to be determined in the
axisymmetric
2 + 2(5
24(5
problem. These constants
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Insertion of these constants (A0, Bo, C, and D) into the axisymmetric equations
(2.29) - (2.34) and with the spherically symmetric equations (2.35)- (2.37), a complete
solution is generated for a frictionless interface around a spherical reinforcement.28
The case of a thin, elastic interface around a spherical reinforcement is
constructed following the same format as that given for the cylindrical reinforcement.
Employing the same interfacial boundary conditions as given in equations (2.21) -
(2.22), the axisymmetric and spherically symmetric solutions are readily developed.
For a thin, elastic, isotropic layer (t) surrounding a spherical reinforcement, the
radial and tangential interfacial spring constants can be defined per Hashin [29] as:
st
=
S
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The constants for the spherically symmetric component of the solution (per
Hashin [29]) are defined as:
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which can be inserted into equations (2.35) - (2.37) to solve for the spherically
symmetric stress and displacement components.
The constants for the axisymmetric components are developed in a manner
similar to that for an elastic interface around a cylindrical reinforcement. The four
unknowns are derived from the solution of four simultaneous equations using the
interfacial boundary conditions
are:
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A computer aided mathematical package [45] was used to solve the equations
simultaneously for the values of Ao, Bo, C, and D. The calculated values were then
used to solve the set of axisymmetric Legendre equations to evaluate the stress
concentration factors at the interface.30
2.2Finite Element Models for Heterogeneous Materials with Imperfect Interfaces
Finite element analysis is a numerical technique for solving continuum
mechanics problems [38,47 -49]. The finite element method involves constructinga
piecewise approximation of a complex function D (e.g., the biharmonic), bymeans of
simple polynomials, each defined over a small region (element) and expressed interms
of nodal values of the polynomial function. The finite element model usedto simulate
heterogeneous materials with imperfect interfaces is composed of two parts (i) the
reinforcement and the matrix which is modeled by plane strainor axisymmetric solid
elements and (ii) the interfacial region where the imperfect interfacewas modeled by
contact elements (frictionless) or a combination of contact and spring elements (elastic
interface).
There are several methods of generating the basic equations fora static,
linear elastic finite element analysis [38,48,49]. Onecommon approach employs the
principle of virtual work [50]. The basis of virtual work states thatan incremental
change of the internal strain energy must be balanced by an identical incremental
change in the external work by done by the applied loads, or:
toU = 5V (2.55)
where U = strain energy (internal work), V external work (via forcesor pressures), and
5 = virtual operator.The strain energy is then defined as:
8 U = f {8 E}TIald(voi)
31
(2.56)
where {e} = strain vector, {a) = stress vector, and vol= volume element. The
stresses can be related to the strains by:
{o}= [D] fel (2.57)
where [D] is the elasticity matrix. The strains are related to the nodal displacements
by:
{} = [B] {u} (2.58)
where [B] = strain-displacement matrix based on element shape functions and {u}=
nodal displacement vector.The strain-displacement matrix is constructed strictly from
the geometry of individual solid elements. Shape functionscan be quite diverse.In
this investigation the standard isoparametric interpolative functions for three- and six-
node triangles and four- and eight-node quadrilaterals are employed [38,51].With the
substitution of (2.57) and (2.58) into (2.56):
8 U = {8 u}T f JB]T [D] [B] d(vol) (2.59)
The external work term is a linear combination of nodal pressures and forcesat the32
surface of the model. To interpolate the applied pressures accurately across the
surface of the element, element shape functions, [N], are used to generate a point-wise
normal displacement vector {wr,} as:
= [N,J{u} (2.60)
The virtual work term for the applied pressure [P] then involves equation (2.60) such
that:
8 V =fsurf {own}T{P}d(suiface area)
a,ea
and with the substitution of equation (2.60):
8 V= {8ef areaNT{P}d(sufface area)
Virtual work due to nodal forces is directly accounted for:
vforceis ulTIFl
(2.61)
(2.62)
(2.63)
where [Fnodal} are the nodal forces applied to the surface elements.
Noting that the {Su}T vector is common to all components of the virtual work
equation, equation (2.50) can be rearranged as:
[K] = {Fpre,..} + {Fnodail (2.64)
where [K]is the element stiffness matrix from the remaining terms of equation (2.59)33
and {F,e,s} is the force vector generated from the remaining terms of equation (2.62).
All solid body elements used in this investigation can be adequately described
by the vector and matrix operations summarized in equation (2.64). Thesame
formulation is used whether for plane strain or axisymmetry. The only essential
change required for axisymmetry is the addition of more terms to the elasticity matrix
[D] and to the strain-displacement matrix [B].
Accounting for the interactions of the contact and spring elements along the
interface requires the addition of two terms to equation (2.64):
[IC] {u} = {F;,.} {Fnodail {{contact' {Fspring} (2.65)
where {Fcc,et} and {F,,g} are the forces generated by the contact and spring elements
along the interface of the reinforcement and matrix. How these interfacial forcesare
generated will be discussed in detail.
A three-node contact element for general contact analysis was used in all
FEM's. Figure 2.2(a) shows a schematic of the contact element. During contactor
penetration, node K crosses the I- J plane (or vice-a-versa) and contact forces are
generated proportional to a predefined constant.Numerically, penetration is defined
as the magnitude of the gap (g) between contact and target elements. Forces are then
developed in a direction normal (n-direction) to the target as a function of thegap.Contact Surface and Node
Target Surface and Nodes
Contact Surface and Node
Target Surface and Nodes
(a)
(b)
34
Figure 2.2Schematic of three-node contact element configuration (a) single three-
node element and (b) multiple contact element arrangement when exact
target region is unknown.35
For example, the contact forces f are determined by the gap (g) and the elastic
contact stiffness lc:
fn
0.0
if g s 0.0
if g > 0.0
(2.66)
Typically, KT, is specified to be an order-of-magnitude greater than the elastic modulus
of the target or contact material (whichever is greater).Numerical instability
problems (the stiffness matrix [D] becomes ill-conditioned) arise if lc is several
orders-of-magnitude greater than the elastic moduli, while if K,, is too small, then
contact compatibility problems occur (unrealistic overpenetration). Convergence of the
finite element solution is reached by successive iterations within individual loadsteps.
As the load is applied, contact compatibility is checked, and contact forces applied to
equation (2.65). At this stage, equation (2.65) is solved and an iterative technique is
used to reach equilibrium.
In addition to these compatibility forces, friction forces can also be developed
in a direction that is tangent (s-direction) to the target plane. An elastic Coulomb
friction model [52] was used to transfer frictional forces across the interface. This
model assumes that an elastic tangential displacement will occur until the start of
frictional slip.Tangential displacement of the contact node relative to the target is
first determined from:u=1(s s2
36
(2.67)
where S: = the contact position at the previous converged solution and L is the length
of the target segment (Figure 2.2). The deformation tangential to the interface (u,) is
decomposed into elastic (or sticking) and sliding (inelastic or nonconservative)
components:
elastic sliding Us = Us + Us
The tangential force can then be defined as:
if sticking
if sliding
(2.68)
(2.69)
where Kt is the elastic sticking stiffness (analogous to 1(,,) and Jis the sticking force
limit of the Coulomb friction model ( fs= f n coefficient of static friction). As such,
sliding occurs whenever the friction force exceeds the static friction force and
continues to exceed this force. The computed friction force is subsequently added into
the term {Fc,.} in equation (2.65).37
Another useful ability of these contact elements is that prior knowledge of the
exact contact target region is unnecessary. During construction of the FEM, multiple
target lines can be assigned to one contact surface node. Figure 2.2(b) shows a
possible arrangement of one contact node with connections to three different target
surfaces. During solution, an algorithm determines the location of node K with respect
to the three different target lines.Contact and target surfaces are checked for
penetration (i.e., a negative gap) and the solution proceeds as if only one contact and
target pair was defined. Such a procedure ensures that contact compatibility is
enforced without prior knowledge of the contact and target positions during
deformation.
The spring element used to model a thin, isotropic elastic layer or the elastic
interface is a linear element that is directly integrated into the FEM solution. The
term {Fspring} in equation (2.65) is generated from:
{!'spr'ing} = Ksping(u.u) (2.70)
where Ksprmg is simply the spring constant from the analytical expressions (e.g.,
equations (2.19) for the radial spring constant) and (u, - ui) is the displacement
"couple" at the interface. For example, the radial force at the elastic interface around
a cylindrical reinforcement is computed using the Kspring = ic (equation (2.19)) and the
radial displacement couple (u,tin) at the interface.
Symmetry considerations are crucial to the construction of many finite element
modeling simulations [53, 54]. For example, a quarter-symmetric model is all that is38
required to model the stress distribution in a uniaxially or biaxially loaded plate with a
circular hole. Figure 2.3 shows the full geometry of the plate and the required FEM.
Symmetry conditions are enforced by fixing the Y-axis nodal displacements along the
X-axis and by fixing the X-axis nodal displacements along the Y-axis. No shear
stresses exist along the planes of symmetry and the stress distribution in each of the
quadrants is mirrored about these planes.If the loading was non-uniform, then
symmetry is destroyed and a half-symmetric or full plate model would then be
required.In all cases, compressive loading was applied as a uniform pressure to the
far-field boundary of the FEM. As such, symmetry was ensured throughout the
numerical investigation.
The general FEM used in this investigation is shown in Figure 2.4. The FEM
was compared to the analytical solution for a frictionless interface and found to be in
good agreement (i.e., less than 2 % error). To create the FEM analogy of the
frictionless analytical solution, discrete pairs of interfacial nodes were coupled in the
radial direction. This coupling fixed the radial displacements but not the tangential
displacements between the reinforcement and the matrix. The general node and
element arrangement was created through automatic mesh generation [38, 48-51].It
should be noted that this FEM is strictly a linear elastic model since contact elements
are not employed, and therefore, good agreement with the analytical solution would be
expected.39
Figure 2.3Quarter-symmetry finite element model for simulating the analysis of
uniformly loaded plate with a hole.40
X
Imperfect Interface
Figure 2.4Quarter-symmetry finite element model using three- and four-node
elements. These isoparametric elements are capable of modeling plane
or axisymmetry geometries (cylindrical or sphericalreinforcements).
Interface elements are not shown.41
As previously described, a nonlinear FEM is created once contact elements are
used. These elements are arrayed along the interface shown in Figure 2.4 and allow
the following behavior: (i) debonding, (ii) transmission of compressive forces, (iii)
prevention of interfacial interpenetration, and (iv) frictional characteristics.Contact
element behavior is used to (i) simulate the interfacial debonding process, (ii) or a
frictionless/frictional interface, (iii) or to prevent interfacial interpenetration when a
very thin and compliant elastic interface is modeled.
The elastic interface behavior was modeled using spring elements along the
interface. That is, if a thin, isotropic elastic layer is assumed to completely coat the
reinforcement, its interfacial response can be analytically modeled or numerically
modeled via an array of one-dimensional springs in the radial and tangential directions
along the interface.The combination of both spring and contact elements results in
the ability to simulate both the mechanical behavior of an extremely thin elastic layer
around the reinforcement (spring elements) and prevent interpenetration between the
reinforcement and matrix (contact elements). An important feature of this numerical
formulation is that the thickness of the interfacial layer is assumed to be negligible as
compared to the dimension of the reinforcement. Hence, this combined spring and
contact element approach models the underlying assumptions of the analytical solution
(i.e., all strains and stresses are calculated as if the thickness of the interfacial layer
was negligible) while preventing the undesirable behavior of interpenetration. For
example, interpenetration will occur in the analytical model (i) if a very compliant
elastic layer is specified, (ii) very high loads are applied to the model, or (iii) a42
combination of these two factors.
Different volume fractions of reinforcements were modeled by adjusting the
ratio of the radii of the reinforcement to the unit cell dimension and coupling the nodal
ux or uy degree-of-freedom along the boundary. Figure 2.5 shows a FEM simulation
of heterogeneous material having a 25% volume fraction of reinforcement. This
modeling technique is commonly defined as the 'unit cell' approach for the simulation
of materials reinforced by periodic arrangements of secondary phases, reinforcements,
or inclusions [31-37, 39].
A hexagonal arrangements can similarly be modeled by the unit cell approach
[36,37] however the unit cell is actually trapezoidal in shape. Hexagonal arrangements
were not modeled for several reasons: (i) heterogeneous models with periodically
arranged reinforcements provide accurate elastic moduli estimates of materials with
randomly distributed secondary phases [55] and (ii) that although stress concentrations
may vary along the imperfect interface as a function of reinforcement packing
geometry (i.e., periodic or hexagonal), its relative position along the interface remains
fixed under compressive loading [17,18].It is important to realize that the purpose of
the heterogenous FEM is to capture the salient features that may occur in a real
material system.
Lastly, Ashby [56] indicates that "All successful models unashamedly distort
the inessential in order to capture the features that really matter. At best, the model
illuminates the principles that underline the key observations, and it predicts behavior
under conditions which have not yet been studied."Periodic packing geometry
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Imperfect Interface
Finite element model for the simulation of a heterogeneous material
having a 25% volume fraction of reinforcement. Coupled nodes allow
translation but prevent rotation of the unit cell boundaries.
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2.3Analysis of Analytical and Numerical Modeling Formulations under Uniaxial
Compressive Loading
Figure 2.6 shows results from both the analytical and finite element models for
the case of the frictionless interface around a cylindrical reinforcement. Figures 2.6(a)
and 2.6(b) show the hoop (ogee) and radial (aro stress components, respectively,
under uniaxial compression. All stress components have been normalized to the
applied uniaxial compressive stress.The only parameter that is varied is the ratio
between the stiffness of the reinforcement and that of the matrix, where EjE denotes
the moduli ratio.
The results shown in Figures 2.6(a) and 2.6(b) indicate that the analytical and
finite element models are in fundamental agreement. This agreement can be explained
by the lack of severe interfacial decohesion when the composite system is loaded
under compression. For example, as the matrix is compressed, the interfacial region
transmits these compressive stresses directly to the reinforcement. In the analytical
solution, the radial displacements and forces are fixed between the matrix and
reinforcement, while the FEM allows only compressive radial forces (and thereby
displacements) across the interface. The end result, as shown in Figure 2.6(b), is to
produce radial stress concentrations of near equal magnitude around the pole (8 =0.0)
of the reinforcement.1
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Figure 2.6Comparison of analytical solution for a frictionless interface arounda
cylindrical reinforcement against the frictionless nonlinear FEM for two
types of elastic moduli ratios (Ecx = 1.0 and EJE = 100).46
Nonetheless, some disagreement is shown in Figure 2.6(a) between the
analytical and numerical solutions as: (i) the slight irregularity or "bump" in the FEM
(Yee components at about 50 degrees and (ii) the separation of these same components
as the equator of the reinforcement is approached. These effects are explained by two
factors (i) the presence of a high modulus reinforcement and (ii) the ability of the
matrix to debond where necessary along the interface. As the matrix is deformed
under compressive loading, the stiff reinforcement resists deformation and provides a
"platform" for the matrix to contact against. Figure 2.7 shows an exaggeration of this
effect by multiplying the FEM's displacements by a factor of fifty (50x). At the edge
of this platform, or the transition region between interfacial contact and debonding, the
bee increases due to the addition of a pseudo-bending component within the matrix.
Logically, as the stiffness of the reinforcement is increased, the contact platform
becomes smaller and the aoe become more concentrated and increases in magnitude.
This same effect tends to lower the Goo as it approaches the equator.
This nonlinear effect becomes more pronounced as the Poisson's ratio of the
matrix is increased from 0.30 in Figure 2.6 to 0.45 in Figure 2.8.This effect was
explored since Chapter 3 and 5 present results using PMMA and Polyester models
with Poisson's ratios of 0.36 and 0.38, respectively. A high Poisson's value was also
investigated to determine the extreme behavior of this nonlinear phenomena. As the
Poisson's ratio is increased, so follows the lateral expansion, and hence, an increase in
the nonlinear debonding effort.uarter-symmetry nonlinear FEM
Reinforcement
Figure 2.7
47
An exaggeration of the nonlinear debonding effect that occurs under
uniaxial compression loading. The displacements have been multiplied
by a factor of fifty (50x).1
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Figure 2.8The effect of changing the matrix's Poisson's ratio from 0.30 to 0.45 is
clearly shown by the sharp peak in the Gee stress concentration at
about 45 degrees for the cylindrical reinforcement. The elastic moduli
ratio is EJE = 100 for all results shown.49
Interestingly, stress solutions generated from theory of elasticity principles
(such as those used in this investigation) for plane problems are independent of elastic
properties and do not allow for debonding. As such, this effect would have gone
completely unnoticed is solely an analytical approach was employed.
Figure 2.9 shows the analytical and FEM solutions for a frictionless interface
around a spherical reinforcement. Poisson's ratio is set at v=0.3 for the both the
reinforcement and the matrix.In all cases, the same trends and approximate
magnitudes of stress components (although somewhat decreased) as that for the
cylindrical reinforcement are observed. As noted, under uniaxial compression,
agreement is satisfactory.
With an increase in the Poisson's ratio to 0.45 the same effect is shown in
Figure 2.10 for the spherical reinforcement as that noted in Figure 2.8 for the
cylindrical reinforcement. Although, in this case, the analytical solution does depend
upon the Poisson's ratio, the strong nonlinear effect is not represented. For example,
the analytical solution gives a peak tensile Gee concentration of 0.44 (umati, = 0.30)
and a lower peak tensile stress of 0.15 (um= 0.45).Importantly, the analytical
solution gives a similar stress distribution regardless of the matrix's Poisson ratio.ogeeComponents
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In summary, Figures 2.6- 2.10 show that for the case of uniaxial compression,
where interfacial decohesion is minimized, the analytical solution and the FEMare in
fundamental agreement with respect to the stresses in and around frictionless
cylindrical and spherical reinforcements if the Poisson's ratio is approximately 0.3or
less.If the Poisson's ratio is increased to 0.38 or 0.45, the analytical and numerical
results dramatically diverge for both the cylindrical and spherical reinforcements.
If a thin isotropic layer is assumed to coat a reinforcement and has mechanical
properties different than both the reinforcement or matrix, then this thin isotropic layer
is considered an 'imperfect' interface. In both the analytical and numerical solutions,
the reinforcement is assumed to have the same elastic modulusas the matrix (E0/E =1.0).
Although, heterogeneous reinforcements can often have elastic moduli ratios that
range from 2 to essentially rigid (E0/E =100), the purpose of this analytical and numerical
comparison is to assess the utility of analytical solutions for imperfect interfaces. As
such, the role of reinforcement stiffness with respect to the imperfect interface is
ignored at this time. This simplifies the problem to that ofone variable, the elastic
property of the thin interfacial layer, which is denoted as the ratio of the interfacial
layer to that of the matrix- E1/E.The thickness of the interface was modeled asa
very thin layer or t = 0.01.Rradiusof reinforcement*
Figure 2.11 shows the results from analytical and finite element models for the
elastic interface around a cylindrical reinforcement. Figures 2.11(a) and 2.11(b) show
the 608 and o components, respectively, under uniaxial compression.1
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Figure 2.11Comparison of analytical solution for an elastic interface around a
cylindrical reinforcement against the nonlinear FEM solution. The
matrix and reinforcement have the same elastic properties (EA = 1.0)
while the elastic interface properties are varied between 1/100 and 1/1000
of the elastic modulus of the matrix.54
These results show that the aoe components are in fair agreement whereas thean
components are quite dissimilar. In particular, Figure 2.11(b) shows that in the case of
the FEM with a compliant interface (Ex=1/1000) that the radial stressesare much lower
than those predicted by the analytical model.For example, at 0 degrees, the
analytical model shows the highest arc component at about -0.2, while the FEM shows
the lowest an at about -1.4.This divergent behavior is explained by FEM's use of
contact elements along the interface to prevent interpenetration. Without
interpenetration, contact occurs between the matrix and the reinforcement whenever
radial compressive stresses are introduced.Importantly, these results indicate a
serious deficiency in the analytical formulation of the elastic interface.For example,
once interpenetration occurs within the analytical formulation, whether from high
compressive loads or a compliant interface or some combination of the two, then both
aee and an are incorrect.(Although, as noted, some agreement is noted for the bee
components, the analytical and FEM results are diverge as the equator is approached.)
Poisson's ratio effects were also investigated for the thin, elastic interface. The
same stress distribution around the interface was noted and the stress concentration
values were only slightly different.This result is logical considering that the elastic
interface behaves in a completely different manner than the frictionless interface. That
is, during compression, the elastic interface restrains tangential displacement along the
entire interface preventing the localized buildup of hoop stresses that is shown in
Figure 2.8 for the frictionless interface. Furthermore, the debonding process which is
fundamental to the FEM frictionless interface process is prevented in the FEM thin,55
elastic interface simulation.
From a material property and loading viewpoint, the analytical results are
more applicable to a high modulus interfacial layer or low loading conditions than if a
soft interfacial layer was specified or high loading conditions were uncounted. That is,
severe interpenetration would occur and the analytical results would have little
validity.Interestingly, the FEM results show that the effects of varying the interphase
stiffness has negligible effects for both the 6©© and a, components.Hence, under
compression, the spring-like analytical model fails to capture the idealized behavior of
the imperfect interface having a thin elastic layer surrounding the reinforcement.
Similarly, Figure 2.12 gives the results for an imperfect interface around a
spherical reinforcement (v=vo=v,=0.3). The same identical trends hold for the
spherical reinforcement as for the cylindrical reinforcement. The major difference
between Figures 2.11 and 2.12 is in the magnitudes of the stress components (as
would be expected in shifting from cylindrical to spherical geometries).GooComponents
-2
(a)
0.2
0
-0.2
uniaxial-0.4
compression
-0.6
-0.8
-1
-1.2
6R Components
(b)
=
-11111,11111111111111111111111111111,1Ain
0 10 20 30 40 50 60 70 80 90
0 (deg)
0 10 20 30 40 50 60 70 80 90
0 (deg)
Analytical - Ei/E=1/1000
Analytical-Ei/E=1/100
FEM - Ei/E=1/100
0 FEM Ei/E=1/1000
56
Figure 2.12Comparison of analytical solution foran elastic interface around a
spherical reinforcement against the nonlinear FEM solution.The
matrix and reinforcement have thesame elastic properties (EA/E = 1.0)
while the elastic interface propertiesare varied between moo and 11000
of the elastic modulus of the matrix.57
To summarize the analytical and numerical results, the analytical solution fora
frictionless interface provides an adequate correlation (if the matrix's Poisson ratio is
around 0.30) to the more realistic nonlinear FEM for both the cylindrical and spherical
reinforcements. A strong nonlinear phenomenon occurs as the matrix's Poisson ratio
is increased to 0.38 and upward to 0.45. This effect changes the magnitude and
fundamental shape of the bee components for a frictionless interface arounda
cylindrical or spherical reinforcement. In contrast, the analytical model fora thin,
elastic interface provides an insufficient simulation of the micromechanical behavior of
a heterogeneous material, regardless of the matrix's Poisson ratio.This poor
agreement is due to interpenetration that can occur within the analytical model while
prevented in the nonlinear FEM simulation. Overall, analytical solutions for both the
frictionless and thin, elastic interface provide little insight into the micromechanical
behavior of heterogeneous materials. As such, subsequent discussions will concentrate
on the application of nonlinear finite element models to the simulation of
heterogeneous materials with imperfect interfaces.58
3.MICROMECHANICAL HETEROGENEOUS MODEL SYSTEM
This chapter describes the experimental modeling, setup, procedure, and data
analysis techniques used to investigate the micromechanical behavior of one type of
imperfect interface, i.e., the frictional interface. Although other types of imperfect
interfaces were discussed in Chapter 2, a frictional interface was chosen for this study
because: (i) the ideal of a frictionless interface is rarely observed in heterogeneous
materials, (ii) the frictional interface lends insight into the behavior of real materials,
and (iii) the strong nonlinearity (slip/stick frictional behavior along the interface)
provides a model that can be subsequently applied to simpler imperfect interface
systems, i.e., frictionless. Laser moire interferometry was used to measure in-plane
displacements (ux and uy) on the surface of this model system and was subsequently
used to verify the assumptions implicit in the nonlinear finite element model (FEM).
In this chapter, the heterogeneous model system is presented and details of its
development are discussed.Subsequently, the experimental setup for uniaxial and
biaxial compression loading of the model system is described. Basic principles of
laser moire interferometry are then discussed as they pertain to this investigation.
Lastly, experimental moire patterns are presented and discussed. Analysis of these
patterns allow in-plane displacements (ux and uy) to be determined, and from which a59
micromechanical description of the interfacial behavior of the model system can be
proposed (i.e., the displacements provide first order information because strains and
stresses are derivatives of displacements).
3.1Description of Heterogeneous Models for Compressive Loading
The micromechanical description of deformation in a heterogeneous material
with a frictional imperfect interface is a difficult task. The basic geometry that was
investigated was a thick plate with a rigid, or extremely stiff, cylindrical reinforcement
at the center of the plate. This geometric configuration provides several features: (i) a
two-dimensional representation, (ii) some basic understanding of the frictional interface
by the ability to measure the gap between plate and pin and to control the surface
finishes of the plate/pin couple, (iii) ability to directly map the in-plane displacements
around the interface, and (iv) a geometry that is amenable to uniaxial and biaxial
compressive loading. An important benefit of the plate/pin model system is that the
finite element model (FEM) is greatly simplified by the two-dimensional nature of the
model and with uniform loading on the boundaries, quarter-symmetry can also be used
in the FEM representation.
Initially, several experimental material and geometric systems were prepared
and studied for their applicability to provide an adequate simulation of the frictional
imperfect interface around a stiff reinforcement under compressive loading. For60
example, the initial model system consisted of dental plaster cast around a polished
steel pin. Typical block dimensions were 5 x 5 cm square and 2.5 cm thick. The
steel pin used in this, and subsequent investigations, was 1.27 cm in diameter. After
several weeks of curing, the plaster and steel pin model was loaded under
compression. Unfortunately, the plaster proved to be extremely brittle and fractured
before noticeable deformation had occurred along the interface (i.e., before slip/stick
was noticed between the plaster/steel couple).
Subsequently, a polymethylmethacrylate (PMMA) plate with dimensions of 15
x 15 cm square and 1.18 cm thick was chosen. In the center of this plate, a 1.27 cm
hole was drilled and then reamed to 1.273 cm. This combination provided a snug fit
between the PMMA and the steel pin (i.e., gap of 0.03 mm), yet allowed the pin to be
inserted and removed during model preparation. The reported tensile modulus of
PMMA is 3150 MPa (0.2% strain offset method) with a yield strength of 40 MPa [57].
The compression modulus was measured during a uniaxial compression and was found
to be nearly identical to the tensile modulus, i.e., 3180 MPa. Poisson's ratio of 0.36
was calculated from the uy and ux displacement fields generated during a laser moire
experiment. This value is reasonable considering that plastic materials have Poisson's
ratios from 0.35 to 0.42 [58].
Some features of the PMMA/steel pin model are (i) the PMMA matrix can
accommodate large elastic strains before the onset of plastic deformation at
approximately 40 MPa [57], such large strains are ideal for the measurement of in-
plane displacements via moire interferometry, (ii) the PMMA/steel frictional couple61
should provide a well characterized frictional interface, and (iii) the glassy PMMA
material was found to have minimal viscoelastic deformation at the compression loads
(maximum of 22 MPa) and strain rates (5.5.10-5 sec-) used in this investigation.
3.2Experimental Setup
3.2.1Fixturing and Load Application for Uniaxial and Biaxial Compressive
Loading
Figure 3.1 shows a schematic of the fixturing used to apply the uniform
uniaxial and biaxial compressive loads. Compression testspose several unique and
troublesome problems. For example, under tension, the applied load automatically
aligns the specimen axis with the load line axis. Under compression, the slightest
misalignment quickly moves the specimen load line axis off-axis. Under such
conditions the specimen can spontaneously and catastrophically buckle.Clevis
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Figure 3.1Fixturing and specimen arrangement for uniaxial and biaxial
compressive loading.63
This buckling problem has been recognized by Sammis and Ashby [1] and others
[9,59-61], and can be prevented by the use of edge-guides on the test specimens. In
this investigation, grooved steel plates, approximately 3 mm in depth provide edge
restraint and allow the application of uniaxial and biaxial loads without the fear of
catastrophic buckling.
A specific problem inherent in PMMA compression testing is edge constraint
of the test specimen against the loading fixture [1,8,9,62].This problem arises from
PMMA's low modulus of elasticity (1530 MPa) and high Poisson's ratio (0.36) as
compared to the steel fixturing (2100 MPa and u = 0.3). During loading, the PMMA
test specimen will dilate or expand laterally against the steel fixturing.If high
frictional forces occur between the PMMA specimen and the relatively rigid steel
fixturing, then high lateral compressive stresses develop across the top of the test
specimen. For example, such non-controllable compressive stresses have been shown
to cause repeatability problems in fracture initiation tests on PMMA specimens of
similar geometry as that used in this investigation [1,8]. To avoid this problem, the
PMMA plate was first wrapped with several layers of thin teflon tape. Then, slightly
thicker strips of teflon were inserted between the PMMA plate and steel fixtures.
Observation of the ux moire patterns during compression testing indicated that no
constraint occurred along the edges of the PMMA plate.
Uniaxial loads were transferred to the steel plate via a clevis pin arrangement
(Figure 3.1).This arrangement allowed some flexibility in the alignment of the
specimen load line axis. The bottom steel plate was fitted (gap tolerance 0.05 mm)64
into a supporting steel post. A 'floating' load frame was used to apply the side loads.
This frame consisted of rectangular steel tubes welded into the shape of a large
rectangle. Figure 3.2 shows the biaxial servo-hydraulic load frame attached to the
screw-driven load frame and the associated laser moire interferometry equipment.
Details on laser moire interferometry will be presented in Section 3.2.2. The term
floating refers to the ability of the biaxial load frame to self-center and vertically float
while applying compressive (or tensile) side loads.Self-centering is accomplished by
x-axis linear bearings along the bottom of the biaxial frame and its connection to the
uniaxial load frame. Vertical float is provided by the use of two manufactured linear
bearings aligned along the Y-axis.Side loads are applied through these bearings to the
aluminum side plates.
Uniaxial compressive loads were applied along the Y-axis of the model using a
screw driven load frame (100 kN capacity). The uniaxial compression test consisted
of several discrete increasing and decreasing loads. Discrete steps were used for
several reasons: (i) recording of both ux and uy moire patterns required several
minutes, (ii) a record could be made of the incremental change of deformation
behavior along the interface under increasing and decreasing load, and (iii) this record
could be interrogated to determine if the measured phenomenon is repeatable. The
load pattern consisted of five load steps at 20, 30, 40, 30, and 20 kN. These loads are
equivalent to compressive pressures of 11, 16, 22, 16, and 11 MPa on the PMMA
model. Biaxial compressive loading was fixed at a 5-1 ratio of the uniaxialFigure 3.2Load frame arrangement for biaxial compression loading. The biaxial load frame is inserted off axis to the
uniaxial load frame. Side loads are applied via an electronically servo-controlled hydraulic actuator.The four-
beam laser moire interferometry system is shown with the PMMA model system installed and ready for testing.66
compression test and followed the same loading pattern.This ratio was chosen from
experimental observation and numerical calculations to providea distinct contrast to
the uniaxial compression moire patterns and thereby, facilitate the interpretation of the
any specific biaxial moire phenomena. Lastly, the biaxial compression test allows
another direct comparison between the experimental model and FEM calculations.
Compressive side loads were applied by an electronically servo-controlled
hydraulic actuator. During biaxial compression testing, the controller increases the
side load in direct proportion to the dominant Y-axis load. This feature is believedto
be important in the micromechanical study of the frictional interface under biaxial
loading. That is, slip/stick behavior along the frictional interface is dependentupon
the loading history, whether smooth (proportionally controlled)or discrete (applied
manually).
3.2.2Laser Moire Principles and Data Collection Techniques
Moire interferometry combines the concepts and techniques of both geometrical
moire and optical interferometry [40,63,64]. Geometrical or mechanical moire isa(a)
(b)
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Figure 3.3The resulting geometric moire patterns produced bysuperposition of
two lined gratings. The three patterns areformed by (a) rotation, (b)
relative displacement or frequency mismatch, and (c)combined rotation
and frequency mismatch of the top grating (activegrating).Courtesy
of D. Post [40].68
phenomenon that occurs when two repetitive patternsare superimposed and deformed
relative to each other. Figure 3.3 shows the resulting moire patterns produced bythe
superposition of two lined gratings. The bottom and top gratingsare referred to as the
reference and active gratings, respectively. When the active grating is (a) rotated, (b)
displaced, or (c) rotated and displaced, a series of fringesare formed. These fringes
are called moire fringes. The moire pattern is a full-field effect, i.e., a continuum of
discrete observations or measurements, and hence, allow the measurement of localized
deformation within the active grating.
Figure 3.3(b) shows moire fringes produced by a relative displacement of the
active grating against the reference grating. Each moire fringe representsa line, or a
contour of constant displacement. The displacement value of a fringe is:
U=N (3.1)
where U is the displacement along a given fringe in the direction perpendicularto the
reference grating, N is the fringe number relative toa known zero displacement, or
some reference point; and f is the reference grating frequency (i.e., the number of lines
per mm, //mm).
Another feature pertinent to geometric moire patterns is that two gratingscan
be superimposed at right angles to each other in order to createa cross-hatched active
grating. Upon deformation, the two orthogonal displacements (uy and ux)can be
found by a 0 and 90 degree rotation of the reference grating. This procedurecaptures
the full-field displacement record during one moire experiment.Two collimated laser beams
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Figure 3.4Schematic of wavefront interference and photograph of a virtual grating.
Courtesy of J.S. Epstein [64]70
The geometric or mechanical moire effect is limited in its precision by the
frequency of the fabricated gratings. The typical upper diffraction limit of these
mechanical gratings is about 40 1 /mm, or a deformation resolution of 25 gm [64].
For small, localized deformation, such gratings require large overall deformation. This
limitation is surmounted by the use of laser moire interferometry where active grating
frequencies range from 1200 to 2000 1 /mm give resolutions of 0.8333 and 0.50 gm,
respectively [40].
Laser moire interferometry produces displacement fringes that can be
interpreted in the same manner as those fringes produced by the geometric moire
procedure [40]. However, laser moire interferometry produces fringes by wavefront
interference and light diffraction [63]. Wavefront interference is illustrated in Figure
3.4. The pattern is formed by destructive and constructive interference between two
intersecting, mutually coherent beams of collimated light. Mutually coherent implies
that the light beams are of the same wavelength, and collimated implies that the beam
diameter is fixed and that the wavefront remains perpendicular to the direction of
propagation. An argon laser was used as the light source with a fixed wavelength of
514.5 nm.
The frequency of the reference grating produced by wavefront interference is
determined by the following equation:
f
2sin(a)
A
(3.2)
where X is the wavelength of the light source, f is the frequency of the reference71
grating created by the interference of the two beams of coherent light, and a is one-
half the angle-of-intersection between the two beams. The frequency of the grating
(f) can also be referred to as the grating pitch or g = 1/f.
Figure 3.5 illustrates how wavefront interference and light diffraction interacts
to create moire patterns.In the laser moire experiment, two coherent, collimated light
beams impinge upon the active (specimen) grating with a symmetric angle a. If the
active grating is undeformed, then the impinging beams, A and B, remain unwarped
as they diffract from the grating. The interference pattern, as viewed by the camera, is
composed of the -1 and 1 orders of the impinging beams A and B, now denoted as A'
and B'.Since the diffraction orders of -1 and 1 have the same emergence angle from
the undeformed specimen grating, they overlap perfectly and create a uniformly dark
(destructive interference) or uniformly light (constructive interference) field.
When the specimen is then deformed, such that the displacement varies locally
across specimen grating, impinging wavefronts A and B become warped, i.e., A" and
B" in Figure 3.5. The warpage creates wavefront interference, and hence, a moire
pattern is formed and available for recording. Furthermore, when the specimen
deforms, the specimen grating diffracts wavefront A in one direction and wavefront B
in the other direction. This effect doubles the sensitivity of the specimen grating by
doubling the effective number of fringes produced for a given displacement. That is,
although the model system used a 600 1 /mm specimen grating, a displacement
resolution of 1200 1 /mm or 0.8333 µm was afforded by this effect.Diffraction orders
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Figure 3.5A schematic of a laser moire experiment where two coherent, collimated
light beams impinge upon the specimen (active) grating with a
symmetric angle a. To record displacements orthogonal to the direction
shown the two coherent light beams are rotated in tandem by 90
degrees.73
The laser moire interferometry system used in this investigation is shown in
Figure 3.2.This arrangement splits the light from the argon laser into four separate,
yet mutually coherent beams, and feeds the light through a fiber optics system to a
four camera lens arrangement.Initially, the interference fringes due to optical
misalignment are removed by adjusting the incident beam angles (a) on opposing sets
of lens.This procedure causes the diffracted beams to become collinear, and hence,
produces an all black (totally destructive) or all white (totally constructive) interference
pattern (i.e., a null-field). Specimen rotation, which can occur during loading, is
removed by rotating the entire optic assembly (shown in Figure 3.2). Displacements
(uy and ux) are captured one at a time during the experiment. For example, to capture
the uy field, the top and bottom lens are opened and the horizontal lens are shuttered.
All laser moire patterns were recorded on high resolution 4x5 sheet film.
In practice, some extraneous fringes always appear in the null field. These
spurious fringes appear due to defects in the active grating or by thermal expansion or
contraction effects within the test specimen. Therefore, at the beginning of each
experiment, a null-field pattern is recorded. After the experiment is concluded and the
data processed, this null-field is subtracted from the experimental moire data. In the
heterogeneous model system experiments, the null-field was inconsequential when
compared to loaded moire patterns. This allowed the direct interpretation of moire
patterns generated from the uniaxial and biaxial compression tests.
It should be mentioned that the laser moire technique used in this investigation
is almost completely insensitive to out-of-plane displacements [40].This feature is74
important since it is expected that some out-of-plane curvature occurs where the
PMMA matrix contacts the steel rod. Laser moire's insensitivity arises from the fact
that both coherent beams are symmetric with respect to the x -Y plane of the specimen
or active grating.If out-of-plane deformation occurs within a region of the specimen
grating, both coherent beams are displaced equally, and therefore, remain in phaseas
they diffract off of the specimen grating.
3.3Presentation and Interpretation of Moire Patterns
Laser moire patterns were recorded at increasing (20, 30, and 40 kN) and
decreasing (30 and 20 kN) compressive loads. This same pattern was followed for
both the uniaxial and the biaxial (5-1) compressive tests. At each load step, two moire
patterns, one for the ux displacement field and one for the uy displacement field were
recorded. The data set consists of 20 patterns (uniaxial and biaxial) andare given in
the Appendix A. This section uses only a few patterns to demonstrate the effects of
global versus local symmetry and to show consistency of observed phenomena, i.e., to
ensure that the observations are repeatable and not artifacts..
Figure 3.6 presents the uy moire pattern at a uniaxial compressive load of 40
kN (22 MPa). The compressive load was applied along the Y-axis. Near the equator
(parallel to the x-axis) and away from the reinforcement, the moire fringesare nearly
perpendicular to the Y-axis. Each fringe contour represents a constant displacement75
increment of 0.833gm in the Y-direction.If a measurement of Y-axis strain (cr) is
desired, then the distance between individual fringes along the Y-axis is first calculated
and used as the AY in the strain equation, i.e., ey = 0.833/AY. If the plate was entirely
homogeneous, then the complete uy moire pattern would consist of horizontally
aligned fringes of equal density (i.e., spacing, and therefore, constant strain) from top
to bottom.
As mentioned, moire displacements are relative to a fixed location. For the
plate geometry, the x-axis is the plane-of-symmetry for the uy displacements or where
uy = 0.0. As such, absolute uy displacements would be calculated in Figure 3.6 (and
all subsequent uy patterns) based on the number of fringes from the x-axis times
0.833 gm. Nonetheless, problems can arise in this procedure. For example, Figure
3.6 shows a 'cusp-like' region (marked b) in the first quadrant (and likewise within all
other quadrants). In calculating the absolute uy displacement around the interface,
fringes would be counted successively from the x-axis to this cusp (maximum uy
displacement), and then successive fringes would be subtracted from this point onward
to the Y-axis or 0 degree point. This procedure is logical if one traces the uy
displacement fringes on the left or right boundary of Figure 3.6 to the interface.
At the pole of the reinforcement (parallel to the Y-axis) several interesting
phenomena appear. (For clarity, all discussion will be focused within the first
quadrant of the moire pattern, where 0 to 90 degrees is from the pole to the equator.)
The first phenomenon to be discussed is the uy displacements bending from the
horizontal and becoming almost vertical from 5 to 20 degrees (marked as a in Figure76
3.6).This sharp bending of the moire fringes occurs as a result of frictional contact
between the matrix and the stiff reinforcement. As the matrix contacts the pin, the
fringe density increases as the rigid pin pushes into the soft matrix. Since moire
fringes are lines of constant displacement, the same fringes that are bunched around
the contact region near the pole of the reinforcement reemerge on the other side of the
cusp shown at 30 degrees from the pole. This cusp or intersection of moire fringes is
the second major phenomenon shown in Figure 3.6 (marked as b) and indicates a
transition from one type of interfacial behavior to another. That is, the uy
displacements are no longer strongly constrained and can, therefore, 'flow' around the
stiff reinforcement. This cusp most likely delineates the region between hard contact
(0 to 20 degrees) and some other form of interfacial behavior.This assertion is
quantitatively shown in Table 3.1 where the cusp's position is given as a function of
load.Interestingly, very little frictional hysteresis is shown in Table 3 as the load is
increased and decreased, e.g., the location of the cusp remains relatively in the same
position.Qualitatively, hysteresis does not appear to be a dominant phenomenon.
After this transition region, the third phenomenon (marked as c in Figure 3.6)
appears from 30 to 50 degrees from the pole, where the uy displacement fringes are
curved slightly upward as they approach the interface. This curvature of uy fringes
can only be explained by some form of mechanical locking or non-proportional77
Figure 3.6Moire pattern of the uy displacement field at a uniaxial compression
load of 40 kN. The overall moire pattern exhibits quarter-symmetry with
some degeneration near the poles of the reinforcement.Notation: a -
frictional region, b - center of cusp region, c - mechanical locking
region, and dmatrix/pin separation region. The roughness of the moire
pattern along the interface is due to cracking and debonding of the
specimen grating during removal and insertion of the steel pin.78
Table 3.1 Summary of discussed phenomena with respect to location along
interface for increasing and decreasing uniaxial compressive load.
Load (kN)
Degrees
0 10 203040 50 60 7080
20 (a) ][(b)][(c)][ (d)
30 (a) ][(b)][(c)][ (d)
40 (a) ][(b)][(c)][ (d)
30 (a) ][(b)][(c)][ (d)
20 (a) ][(b)][(c)][ (d)
Legend: (a) frictional contact region, (b) cusp region, (c) mechanical locking, and (d)
separation of matrix from steel pin.
frictional behavior across the interface. Mechanical locking is defined as the ability of
the interface to resist tangential forces without the concurrent presence of normal
forces (e.g., the mechanical locking produced by velcro). Results from finite element
models (Chapter 4) will further clarify this behavior.
Past this mechanical locking region, the PMMA matrix separates from the steel
rod or debonds (marked as d in Figure 3.6).This behavior is indicated by consistent
curving of the moire fringes toward the interface from about 50 to 90 degrees. The
fringes are curved near the interface because the uy displacement is tangential to the79
interface since no radial forces are transmitted across the separated interface.As the
load is increased, Table 3.1 shows that this debonded region decreases in size.This
occurs due to the softer PMMA matrix deforming around the steel rod.
An important feature of these observations shown in Figure 3.6 is that they
exhibit quarter-symmetry around the reinforcement. This quarter-symmetry is shown
by mirror images presented by each 90 degree quadrant.Therefore, quarter-
symmetric finite element models are completely sufficient for the analysis of these
nonlinear experimental results.
Nonetheless, slight deviations occur within the overall global symmetry of the
moire pattern shown in Figure 3.6. For example, the top and bottom halves of the
moire pattern are not exactly symmetric around the pole. There appears to be a shift
in the center of symmetry from a perfect alignment along the Y-axis to slightly off-
axis.This shift arises from the local slip/stick phenomena that occurs along the
interface as the plate is compressively loaded against the steel pin.If the hole and pin
were perfectly matched, and the frictional behavior along the interface perfectly
constant, then and only then, would perfect symmetry be exhibited.
Figure 3.7 shows the companion ux displacement field at 40 kN (22 MPa).
Again, strong global symmetry is seen. That is, each quadrant displays a mirror image
of the adjacent quadrant. Near the pole of Figure 3.7, the ux fringes tend to curve
outward away from the Y-axis. This behavior, shown at both top and bottom poles
suggests the presence of stick/slip frictional behavior. As the compressive load is80
Figure 3.7Moire pattern of the ux displacement field at a uniaxial compression
load of 40 kN. The overall moire pattern exhibits quarter-symmetry
with some degeneration near the poles of the reinforcement. Notation:
a - frictional region, b - center of cusp region, c - mechanical locking
region, and d - matrix/pin separation region.81
applied, the Poisson's ratio effect induces a dilation of the matrix material. Along the
interface, i.e., from 0 to 20 degrees, friction forcesappear to restrain the dilation of
the matrix. As the load increases, the frictional forcesare surmounted, and the matrix
slips along the interface. This phenomenon will be clearly illustrated by the finite
element results given in Chapter 4.
Away from the pole, say 20 to 50 degrees from the pole (thesame location as
the cusps shown in Figure 3.6 for the uy displacement fields),a shift occurs in the ux
displacement field. That is, as the interface is approached, the fringes shift from
bending away to directly intersecting the reinforcement at about45 degrees. This
behavior provides an indicator of a shift from frictional to mechanical lockingto
debonding along the interface. The ux displacement field is, ofcourse, driven by the
uy field under uniaxial loading and is a reflection of the phenomena shown in
Figure 3.6.
Figure 3.8 shows the general scaling and reproduciblity of the observed
phenomena that occurred in the uniaxial compression test.This composite figure
shows the uy displacements fields at increasing (20, 40 kN) and decreasing (20 kN)
uniaxial compressive loads. As the load is increased and decreased all salient
phenomena proportionally scale to the applied load.Additionally, Table 3.1 shows
that these phenomena remain in the same positions along the interfaceas the load is
increased and decreased.82
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Figure 3.8Moire pattern of the uy displacement fields at increasing (20, 40 kN)
and decreasing (20 kN) uniaxial compression loads.All observed
phenomena scale as the load is increased and decreased.83
Figure 3.9 shows the uy displacement field from the biaxial compression test at
40 kN Y-axis load and 8 kN x-axis load (i.e., 5-1 compression loading). Thesame
phenomena are shown in Figure 3.9 as that discussed in Figure 3.6. The only major
differences between Figures 3.9 and 3.6 is the location of the cusp and the number of
fringes near the contact region, i.e., from 0 to 20 degrees. As shown in Figure 3.9, the
cusp has moved from about 30 degrees (Figure 3.7) to about 20 degrees. This shift is
explained by the dilation action introduced by the 8 kN side load. That is, under
uniaxial compression, the matrix naturally pulls away from the reinforcementnear the
equator. In this instance, the 8 kN side load tends to limit the severity of contact
induced by the 40 kN Y-axis load near the pole of the reinforcement by countering the
strong uy displacement with a small ux dilation component.
Figure 3.10 shows the companion ux moire pattern for a 5-1 biaxial load of 40
- 8 kN. The effect of the 8 kN side load is clearly shown when compared to the
uniaxial moire pattern shown in Figure 3.7.Under uniaxial compression, the ux
displacement field is controlled by Y-axis load and produces displacements in the exact
opposite direction imposed by the 8 kN side load. As such, it is not surprising that
Figure 3.10 would show minimal ux displacement fringes.
In both Figures 3.9 and 3.10, symmetry is shown between each quadrant.
Again, the demonstration of this global symmetry implies the action of consistent
interfacial phenomena. These phenomena were observed to be consistentupon
increasing and decreasing biaxial compression loading. Although, Figure 3.10 shows
some degradation of this symmetry within localized regions, this is simply a result of84
Figure 3.9Moire pattern of the uy displacement field at a 5-1 biaxial compression
load of 408 kN. The overall moire pattern exhibits quarter-symmetry
with some degeneration near the poles of the reinforcement.85
Figure 3.10Moire pattern of the ux displacement field at a 5-1 biaxial compression
load of 40 - 8 kN. The overall moire pattern exhibits quarter-symmetry
with some degeneration near the poles of the reinforcement.86
the natural behavior of real materials with non-perfect geometries and non-uniform
surface roughnesses.
It should be emphasized that although the moire patterns shown in this
investigation represent highly accurate displacement maps, the phenomena that is
measured in the heterogeneous model is highly nonlinear. Frictional interfaces are not
represented by smooth continuous functions, but are highly nonlinear in their slip/stick
behavior. As such, interpretation of these patterns should be viewed as general
guidelines on the micromechanical behavior of heterogeneous materials with frictional
interfaces.87
4.NUMERICAL AND EXPERIMENTAL RESULTS
Finite element modeling is used to explore the nonlinear phenomena occurring
along the frictional interface around a stiff reinforcement under compressive loading.
These phenomena are shown to have a direct correspondence to specific interfacial
mechanisms, i.e., frictional and mechanical locking behavior. Correlation is
demonstrated between complex finite element models and full-field moirepatterns
generated from uniaxial and biaxial compression experiments.
Simplifications are developed to illustrate the micromechanical behavior of
imperfect interfaces in a concise manner. The relative importance of frictionless,
frictional, or thin, elastic interfaces is discussed. Results show that the thin,elastic
interface is similar in nature to the frictionless interface. Additional results showthat
the frictional interface produces higher and sharper tensile hoopstress concentrations
than the frictionless interface.Therefore, a frictionless/frictional interface formulation
is proposed to adequately simulate all predominant 'imperfect' interface conditions.
Finite element modeling results are presented fora variety of elastic moduli
ratios (E0/E) and interfacial friction coefficients for simulated heterogeneous materials
containing a cylindrical (two-dimensional) or a spherical (axisymmetric) reinforcement
under uniaxial and biaxial loading. These parameterswere chosen since they control88
the micromechanical response. The key micromechanical aspect of this investigation
is the relationship between interfacial tensile hoop stress concentrations (Gee) and (i)
elastic moduli ratios and (ii) friction coefficients.Since fracture initiation along the
interface is primarily driven by the magnitude of the tensile Gee, it is believed that
this one micromechanical parameter allows a focused investigation into the above
relationships.
To extend this work into heterogeneous materials with non-dilute
concentrations of reinforcements, finite element models were constructed that allowed
the simulation of different volume fractions of periodic reinforcements. Volume
fractions of 25 and 50 percent were investigated for both cylindrical and spherical
reinforcements under uniaxial and biaxial compression. Combinations of elastic
moduli ratios and friction coefficients that produced the highest Gee components in
the single reinforcement (dilute concentrations) study were used to assess the effects of
increased volume fractions (non-dilute concentrations) of reinforcements.89
4.1Comparison of Moire and Finite Element Results
A qualitative description is first presented between the moire patterns
shown in Figures 3.6 and 3.7 and displacement patterns generated from the finite
element model (FEM).The various phenomena that were identified in Chapter 3, i.e.,
(i) a frictional region, (ii) a transition region from friction to mechanical locking, (iii)a
mechanical locking region, and (iv) a matrix/pin separation region,are shown to be
similarly observable in the displacement patterns calculated froma complex finite
element model. This generalized discussion shows how each mechanism influences
the uy and ux displacement pattern along the interface.Subsequently, a quantitative
comparison is made between the experimental and FEM results for the interfacialuy
and ux displacements under uniaxial compression.This format of qualitative to
quantitative facilitates the discussion of each interfacial phenomenon and justifies the
use of one quantitative measurement (i.e., the interfacial uy and ux displacements)
between the experimental and FEM results. That is, once general overallagreement is
shown between the experimental and FEM displacement patterns, only limited specific
agreement is perhaps necessary to substantiate experimental/numerical correlation.
This same format is followed in Section 4.1.2 for biaxial compression loading.90
4.1.1Moire and FEM: Uniaxial Compression Loading
Figure 4.1 shows the uy displacement field generated from the plane strain
finite element model that was uniaxially loaded to 40 kN. A plane strain
representation was chosen for several reasons: (i) near the interface, out-of-plane
displacements are constrained by frictional contact with the rigid steel rod (i.e., the rod
is 60 times stiffer than the PMMA matrix), (ii) this interfacial region is the
micromechanical region of interest and the model shouldmore accurately represent the
micromechanical response of this region and not the far-field characteristics, (iii) better
overall correlation was found between the experimental and numerical in-plane
displacements measurements using the plane strain model, and (iv) lastly, whether
plane stress or plane strain is used, the interfacial stresseswere found to be virtually
indistinguishable. For example, this three-dimensional problem, i.e., plane strainor
plane stress for plates, has been discussed in the fracture mechanics community [65-
67] and by researchers using in-plane measurement techniques [68 -70]. Their research
has found that plane strain conditions exist at the tip ofa mode I crack even when the
crack is through a thin plate, i.e., plane stress conditions.
The FEM was constructed following the procedures given in Chapter 2.Elastic
properties of the matrix was the PMMA values given in Chapter 3 (E= 3.18 GPa and
v = 0.36) and the cylindrical reinforcement used typical values for steel (E0 = 21091
Figure 4.1Finite element uy displacement contours (0.8333 um per contour) for a
uniaxial compression load of 40 kN. Both frictional (curved bar from
0 to 20 degrees) and mechanical locking (curved bar from 20 to 50
degrees) features are included in this FEM simulation. Notation: a -
frictional region, b - center of cusp region, c - mechanical locking
region, and d - matrix/pin separation region.92
GPa and v = 0.3).All loads were applied as uniform pressures along the far-field
boundaries of the FEM.
The displacement contours shown in Figure 4.1 and subsequent figuresare
similar to the moire fringes shown in Figures 3.6 to 3.10.All displacement contours
are at intervals of 0.8333 gm, and hence, equivalent to the fringe orders produced by
the laser moire experiment described in Chapter 3 using a grating frequency of 1200
//mm. The simulation shown in Figure 4.1 required a combination of interfacial
mechanisms, i.e., interfacial friction and mechanical locking, to provide good
correlation with the uy displacement field shown in Figure 3.6.This discussion will
use Figures 4.2 through 4.4 to illustrate the interfacial behavior mentioned above; as
such, the regions marked a, b, c, and d on Figure 4.1 will be sequentially explained.
The simplest micromechanical behavior to model is frictional stick/slip along
the interface from 0 to 20 degrees from the pole (contact elements with friction
capabilities, see Chapter 2 for details).This frictional behavior is most clearly shown
in Figure 4.2 (region surrounding'a'). As shown, theux displacement contours
become abruptly curved as they approach the interface. This frictional behavior is
easily substantiated by viewing Figure 4.3 which shows the ux displacement contours
for a frictionless simulation (this required only that the friction coefficient be set to
zero in the FEM). Interestingly, in the simulation of frictional behavior, the features
shown in Figure 4.2 (the curved ux displacement contours near region a)were
consistent with frictional coefficient values from 0.1 to 1.0.At higher values (e.g.,
10), the ux contours would lock (no slip) along the interface. A typical frictionFigure 4.2
93
Finite element ux displacement contours (0.8334m per contour) ata
uniaxial compression of 40 kN. Both frictional and mechanical locking
are included in the FEM's formulation. Notation: a - frictional region,
b - center of cusp region, c - mechanical locking region, and
d - matrix/pin separation region.Figure 4.3
94
Finite element ux displacement contours at a uniaxial compression of
40 kN.A frictionless interface with mechanical locking is included in
this simulation.95
coefficient value of 0.5 for PMMA against steel was therefore chosen from the
literature [71].That is, qualitative observations showed that the th, andux
displacement patterns were insensitive to friction coefficient variations from 0.1 to 1.0,
as such a typical friction coefficient value provided a reasonable starting point for the
finite element analysis.
Mechanical locking along the interface was modeled by the addition of spring
elements from 20 to 50 degrees having an empirically derived spring value of
12.106 Nm-' (i.e., this spring value gave the best qualitative fit to the experimental
moire pattern). These spring elements act independently of normal forces applied
across the interface and generated tangential forces in proportion to the relative
tangential displacement between the matrix and reinforcement (i.e.,a one degree-of-
freedom element- O. Additional details on spring elements can be found in
Chapter 2.If these tangential springs are omitted from the finite element formulation,
then the uy displacement field diverges from the experiment results.Figure 4.4 shows
the uy displacement field when only a frictional interface is specified. The first major
difference is that the cusp shown in Figure 4.4 (region marked b) is quite sharp when
compared to the experimental results given in Figure 3.7 (region b) and the simulation
presented in Figure 4.1 (region b).This change in 'cusp' morphology implies a very
sharp interfacial transition from high tangential forces (frictional) tozero tangential
forces. Another feature shown in Figure 4.4 (region marked c) is that theuy
displacement fringes at 30 to 50 degrees curve downward in direct contrast to the9
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curvature shown for similar fringes in Figure 3.7 (region c) and Figure4.1 (region c).
Furthermore, different values of frictionwere investigated, the displacement pattern
shown in Figure 4.4 remained fairly consistent, i.e., minorchanges in contour patterns
were noted but no close agreement with the pattern shown in Figure 4.1.Therefore,
mechanical locking occurs along this interfacial region. Althoughthis behavior was
simulated in the finite element model bya uniform spring constant, it is expected that
in a natural system, mechanical locking wouldvary along the interface where intimate
contact occurs between the matrix and reinforcement. That is, local perturbations
along the materials interface would create micro-regions wheremechanical locking
would be higher or lower than the effect simulated bya uniform spring constant.
Nevertheless, reasonable agreement is shown between the 'cusp'morphologies and
mechanical locking behaviors shown in Figures 3.7 and 4.1.
It was also found the large variations in the tangential springconstant would
cause the uy displacement field to completely diverge from the experimental moire
pattern. This is simply due to the spring pulling against the matrix, i.e., thesteel
reinforcement is much stiffer than the PMMA matrix (EJE= 66) and as the stiffness of
the spring is increased, deformation tangentialto the interface is increasingly resisted.
(Where from 20 to 50 degrees, this effect is most dominanton uy displacement field.)
As mentioned, the final spring constant was empirically derived, andas such, is
perhaps, only relevant to the heterogeneous PMMA /steel rodsystem developed in this
investigation. Additionally, the location of thecusp shown in Figure 4.1 (region b)
was found to be primarily dependent upon the gap between the PMMA plate and steel98
rod. For example, if the gap was increased, the number ofuy displacement lines
would increase and the cusp would move closer to the pole. The limit of this behavior
is a hole, where the cusp is symmetrical around the pole. At the otherextreme, if no
gap exists, the center of the cusp is moved off-axis by about 50 degrees.As such, to
locate the modeled 'cusp' with respect to the experimental results (i.e.,at about 25-30
degrees), the gap between the matrix and rod was specifiedas fifty percent greater
than what was measured for the model system (from 0.03 to 0.045 mm) using
precision calipers.This discrepancy is attributed to the surface roughness of the
PMMA material, which upon loading, compresses and createsa slightly larger hole.
The last feature shown in Figure 4.1 is the region marked d, i.e, thearea from
50 to 90 degrees. In this region the matrix has separated from the reinforcement and
the ux displacement fringes increase in frequency in direct proportionto the increased
uy displacement fringes. Micromechanically, this separation is due to the mismatch in
elastic properties and the lack of a coherent interfacial bond between the reinforcement
and matrix. Since the matrix is softer than the reinforcement and hasa higher
Poisson's ratio (EJE = 66 and vjv =1.2), the matrix's ux displacement is greater than the
reinforcement and separation occurs. This separation behavior ismore easily observed
in Figure 4.2 (marked d) where the ux displacement contours bend around the interface
and increase in frequency from the perpendicular (60 degrees) to the parallel (90
degrees). These ux contours are simply following the increasinguy displacement
contours.
Quantitatively, Figure 4.5 shows a comparison between the experimental and99
numerical uy and ux displacements along the PMMA interface. Experimentally, uy
and ux measurements were made by counting fringe orders from the Y- and x-axis
symmetry planes, e.g., uy = 0.0 at 90 degrees while ux = 0.0 at 0 degrees. As
mentioned, each fringe order is 0.8333 gm and maximum uy displacement is at the
cusp shown in Figure 3.7.Numerically, these displacements were calculated from the
finite element model used to generate Figures 4.1 and 4.2.The importance of using
only the interfacial displacements as a quantitative measure lies in the nonlinear nature
of the micromechanical problem. That is, the imperfect interface represents the sole
nonlinearity of the problem while displacements in the matrix and reinforcement can
be derived through linear elasticity based on interfacial displacements and far-field
stresses.
The two lines, marked Experimental - A and Experimental- B for both uy and
ux measurements were taken from the 0 to 90 degrees (first quadrant) and from 180 to
90 degrees (fourth quadrant) of Figures 3.7 and 3.8, respectively. The x-axis forms
the mirror plane for these quadrants. The difference shown between experimental A
and B quantitatively show the local variance in the global symmetry displayed by the
moire patterns. The FEM result shows extremely good correlation between the
experimental uy field and poor correlation for the ux field. The deviation shown for
the ux displacement fields is explained by the difficulty of simulating the exact nature
of the frictional interface. For example, Figure 4.5(b) shows that the experimental and
FEM results start to diverge from 20 to 70 degrees. As discussed, the interfacial
behavior was shown to change from frictional to mechanical locking. The discrepancyE
0
-107 (a)
- 20-
-30
- 40
- 50
-60
uDisplacements
010 20 30 40 50 60 70 80 90
0 (deg)
35
30
25
0 20
E15
10
5
0
ux Displacements
010 20 30 40 50 60 70 80 90
0 Nonlinear FEM
Experimental - A
Experimental - B
0 (deg)
100
Figure 4.5Experimental and FEM displacement results at a uniaxial compressive
load of 40 kN. All displacements were measured at the interface of the
matrix.101
of the FEM and experimental results is attributed to the global simulation (aconstant
tangential spring value) of mechanical locking in the FEM. That is, the spring
constant is mostly likely too high and simultaneously too low insome regions. This
inability to precisely match the spring constant to theexact interfacial behavior, in
part, prevents a closer approximation of the experimental behavior shown in Figure
4.5(b).It should be noted that the FEM spring model only provides mechanical
resistance tangential to the interface and not radiallyacross the interface. If radial
springs were also used along the interface (implyinga semi-cohesive bond within this
region), then the numerical ux displacement pattern shown in Figure 4.5(b) mightbe
shifted downward, and perhaps closer to the experimental results. However, it is
reasoned that this additional layer of complexity (i.e., the addition of radialsprings) is
unnecessary and would reduce the modeling simulation to a purely Edisonian
approach.
Nonetheless, the fundamental correlation between the experimental
measurements of the dominant and controlling uy field (i.e., loading is along the
Y-axes) and the present FEM results show that it is possible to adequately simulatethe
micromechanical behavior occurring along the frictional interface under uniaxial
compression loading.102
4.1.2Moire and FEM: Biaxial Compression Loading
Figure 4.6 shows the uY displacement field generated from the FEM thatwas
biaxially compression loaded to 40 kN along the Y-axis and 8 kN along the x-axis
(5-1 biaxial loading).The uY displacement contours shown in Figure 4.6 are in
general agreement with the moire pattern shown in Figure 3.9. Thesame phenomena
are noted for both numerically calculated and experimentally measured uy
displacement patterns; i.e., (i) a frictional region, (ii) a transition region from friction
to mechanical locking, (iii) a mechanical locking region, and (iv) a matrix/pin
separation region. The same modeling assumptions and initial values thatwere used
in the uniaxial model are used to generate the displacement pattern shown in Figure
4.6. That is, the only change from the uniaxial model was the addition ofan 8 kN x-
axis load. As in the uniaxial case, if the tangential springs from 20 to 50 degreesare
omitted from the FEM formulation, then the biaxial FEM uy displacement pattern
provides a less-than-adequate correlation with the corresponding moire pattern.
Figure 4.7 shows the companion ux displacement field for biaxial compression
loading. The ux contours, from 0 to 20 degrees, show the same stick/slip behavioras
evidenced in the moire pattern (Figure 3.10). Away from this contact region, the FEM
simulation is difficult to compare with moire pattern given in Figure 3.10. This
discrepancy is partially explained by the lack of local symmetry as shown in Figure
3.10. That is, local perturbations in the surface roughness (PMMA matrix / steel rod)
induce highly localized slip/stick behavior which is not modeled by the present FEM.F
i
g
u
r
e
4
.
6
1
0
3
F
i
n
i
t
e
e
l
e
m
e
n
t
u
y
d
i
s
p
l
a
c
e
m
e
n
t
c
o
n
t
o
u
r
s
(
0
.
8
3
3
3
1
2
m
p
e
r
c
o
n
t
o
u
r
)
u
n
d
e
r
a
b
i
a
x
i
a
l
c
o
m
p
r
e
s
s
i
o
n
l
o
a
d
o
f
4
0
-
8
k
N
.
B
o
t
h
f
r
i
c
t
i
o
n
a
l
(
c
u
r
v
e
d
b
a
r
f
r
o
m
0
t
o
2
0
d
e
g
r
e
e
s
)
a
n
d
m
e
c
h
a
n
i
c
a
l
l
o
c
k
i
n
g
(
c
u
r
v
e
d
b
a
r
f
r
o
m
2
0
t
o
5
0
d
e
g
r
e
e
s
)
f
e
a
t
u
r
e
s
a
r
e
i
n
c
l
u
d
e
d
i
n
t
h
i
s
F
E
M
s
i
m
u
l
a
t
i
o
n
.
N
o
t
a
t
i
o
n
:
a
-
f
r
i
c
t
i
o
n
a
l
r
e
g
i
o
n
,
b
-
c
e
n
t
e
r
o
f
c
u
s
p
r
e
g
i
o
n
,
c
-
m
e
c
h
a
n
i
c
a
l
l
o
c
k
i
n
g
r
e
g
i
o
n
,
a
n
d
d
-
m
a
t
r
i
x
s
e
p
a
r
a
t
i
o
n
f
r
o
m
p
i
n
.eIJ
104
Figure 4.7Finite element ux displacement contours (0.8333gm per contour)
under biaxial compression of 40-8 kN. Both frictional andmechanical
locking are included in the FEM's formulation.105
In support of the FEM simulation, very little ux displacement is shown from 30to 50
degrees, i.e., only one or two contours ofux displacement exist which is nearly
identical to the result shown in Figure 3.10 where onlyone or two moire fringes exist.
Additionally, both numerical and experimental patterns contain, approximately the
same number of contours/fringes - just in different locations, i.e., the magnitude of the
total ux displacement is correct- just not its local morphology. Overall the FEM
simulation portrays the general displacement trendas given by the moire pattern but
fails to mimic the exact local interface symmetry.
Figure 4.8(a) shows four sets of uy displacement data. As explained before,
Experimental - A and Experimental- B are from adjacent quadrants in Figure 3.9
where the x-axis forms the minor plane. For comparison,two sets of FEM data with
an interfacial gap of 0.03 mm (measured from the experiment) and 0.045 mm
(estimated for the uniaxial case) are given. In thiscase, the experimental data falls
between the two FEM data sets.This is not completely unexpected since thepresence
of the biaxial load limits the severity of the main compressive load. The PMMAis
not as severely compressed and the effective interfacial gap is less than that used for
the uniaxial case, e.g., around 0.0375 mm would result ina near perfect match.
The ux displacement measurements show the same trendas that exhibited in
Figure 4.5 for the uniaxial case. The same logic is used to explain the variance
between the FEM and experimental ux results shown in Figure 4.8(b), namely: (i)a
high degree of local variance in the surface roughness; (ii) theuse of a uniform
tangential spring constant to model mechanical locking; and (iii) most likely thatsomeuy Displacements
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the matrix.107
radial sticking or cohesion is also present along the interface where mechanical locking
is modeled. However, there is strong global correlation, i.e., thesame approximate
magnitudes for both experimental and numerical ux displacements. In perspective, at
40 degrees, the overall magnitude of the difference or error between the FEM and
experimental results might be reasoned to be only Aux = 3.5 pm (as measure from the
Experimental - A curve and the FEM- gap = 0.030 mm curve).
In summary, the FEM simulation showed the heterogeneous model with a
frictional interface was dominated by two phenomena; (i) frictional behavior within the
contact regions from 0 to20 degrees and (ii) mechanical locking from 20 to 50
degrees which produced tangential forces along the interface, without the concurrent
strict dependence upon normal forces. Some local variance was noted between the
experimental and numerical displacement patterns.This variance is attributed to the
localized surface roughness between the PMMA matrix and the steel pin. However,
fundamental agreement was shown between the FEM simulation and the moire
patterns for the dominant uy displacement fields and partial agreement for dependent
ux displacement fields. This agreement, gives some confidence to the extrapolation of
this basic FEM model to more complicated geometries, e.g., the spherical
reinforcement and potential real heterogeneous material systems, e.g., non-dilute
concentrations of reinforcements.108
4.2Finite Element Modeling of Heterogeneous Materials
The finite element model discussed in Section 4.1 is refined and extended to
other geometries and far-field boundary conditions.For the heterogeneous material
systems under discussion, the bee components are primarily responsible for the
initiation of fracture along the interface and potential failure of the material. This one
parameter is extensively used to gauge the effect of: (i) various imperfect interfaces
(frictional and mechanical locking, frictional, frictionless, and thin, elastic layer), (ii)
moduli mismatch between the matrix and reinforcement (EJE), and (iii) increasing the
volume fraction of reinforcement from dilute concentrations (a single reinforcement in
an infinite matrix) to non-dilute concentrations (25 to 50 percent volume fractions of
reinforcement).Results are then presented in the form of normalized stress
concentration plots with emphasis on the hoop stress (000) component.
4.2.1Imperfect Interfaces Effects
In the prior chapters, the imperfect interface has been described as consisting
of: (i) a frictional region with an adjacent mechanical locking region, (ii) a completely
frictional interface, (iii) a frictionless interface, or (iv) an interface composed of a thin,
elastic layer. In Section 4.1, the combination of a frictional and a mechanical locking
interface was shown to provide good correlation with experimental results. However,109
it was not shown if other types of imperfect interfaces provide equally good
correlation, i.e., relatively equivalentbee magnitudes along the interface. The use of
mechanical locking, although necessary to show good correlation between
experimental and numerical displacement contours, adds a layer of complexity that is
perhaps applicable only to the PMMA/steel rod system. Therefore, this section seeks
to further simplify the FEM. That is, can a variety of interfacial conditions be
generally represented by one type of imperfect interface?
As a first step, stress concentration components are shown in Figure 4.9 for the
frictionless and thin, elastic layer interfaces around a cylindrical reinforcement. The
curves symbols shown in Figure 4.9, and all subsequent figures, are placed at every
third data point of the FEM analysis. The drawn lines connecting thecurve symbols
are composed of individual straight lines between each and every data point of the
FEM analysis. Figure 4.9(a) and (b) show good agreement between the FEM models
for a thin, compliant elastic interface (EA= maw) and that of a frictionless interface
with a moduli ratio of EjE = 1.0.This agreement is due to: (i) the use of an elastic
moduli ratio identical to that of the FEM's (EJE = 1.0), and (ii) the thin, compliant
interface has limited resistance to the radial compressive forcesacross the interface.
Therefore, the thin, compliant interface partially simulates the behavior of the
frictionless interface, i.e., where all compressive forces are transferredacross the
interface.Alternatively, it could be argued that the frictionless interface mimics the
important features of the thin, compliant interface.0'66 Components
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Figure 4.9Comparison of frictionless and thin, elastic interfaces arounda
cylindrical reinforcement.Stress concentration results are normalized by
the uniaxial compressive load.As the stiffness of the thin, elastic layer is increased from EilE= 1/1000 to F9/E =
1/100, some agreement is shown with the frictionless solution around a stiff
reinforcement (EjE = 100).Specifically, Figure 4.9(a) shows that the hoop stressesare
similar near the tensile region from 0 to 30 degrees, however, little agreement is
shown between the radial stress components. This latter difference is attributedto the
elastic moduli ratio of EJE = 1.0 used in the elastic interface model. That is, it is
expected that if the elastic moduli ratio was increased to 100, the thin, elastic interface
solution would more closely agree with the frictionless solution. Importantly, whether
a soft or hard elastic layer is specified, similar tensile aee concentrations are
calculated between the frictionless and thin, elastic layer formulation of the imperfect
interface with proper consideration of the moduli ratio between the matrix and
reinforcement. As such, the frictionless interface can simulate the behavior of the thin,
elastic interface. This result allows the use of one type of interface to simultaneous
model both the thin, elastic interface and the frictionless interface formulations.
The second step is to ascertain if a frictionless ora frictional interface can
generate similar stress components ( (Tee and a,) as that derived from the FEM
simulation of the experimental data.Figure 4.10 shows three sets of FEM results.
The FEM simulation is noted as 'FEM- Friction + Mechanical Locking'.All
models used the same geometry and elastic material properties for the matrix and
reinforcement (i.e., PMMA matrix with a steel rod as the reinforcement). The results
shown in Figure 4.10(a) demonstrate that the frictional interface givesa similar peak
tensile hoop stress (a0e) concentration and a similar peak location at about 18 degrees112
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Figure 4.10Comparison of experimentally verified FEM formulation using friction
and mechanical locking with simpler FEM formulations having onlya
frictional or a frictionless interface for uniaxial compression. All
models have the same geometries and material properties.113
as that shown for the curveTEM - Friction + Mechanical Locking'. This result
shows that although tangential springsare necessary for close simulation of the
experimental moire pattern, they are notnecessary for the close representation of the
peak tensilebee components.Additionally, Figure 4.10(b) shows that all three
solutions provide similar representation of the radial stresscomponents ( an). This
result shows that the critical stress component, not only for crack initiationbut also for
discrimination between various interfacial formulations, is the hoopstress component
((Yee).
The same trend in shown in Figure 4.11 for biaxial loading. Thatis, the
frictional interface is shown to closely match the peak tensileace concentrations
generated from the experimentally verified FEM. Thectcomponents were omitted
from Figure 4.11 since they followeda similar trend to that shown in Figure 4.10(b).
The frictionless interface is shown to generate only negligible tensilecroe under
biaxial loading. In general, all tensile bee concentrationsare reduced under biaxial
loading. This result is expected due to the lateral constraint induced bythe x-axis
load.As shown in Chapter 2 and in Figures 4.9 and 4.10,a compressive (Yee
concentration is produced at 90 degrees from the load axis (Y-axis). Whenloading
occurs along the x-axis, a compressive 680 concentration is produced at 0 degrees and
superimposed upon the tensile bee concentration produced from the dominanty-axis
load (i.e., 5-1 biaxial loading). As shown in Figure 4.11, the combinationof these two
stress concentration fields dramatically lowers the tensilebee concentration.114
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Figure 4.11Comparison of experimentally verified FEM formulation using friction
and mechanical locking with simpler FEM formulations having onlya
frictional or a frictionless interface for biaxial compression. All models
have the same geometries and material properties.115
From these results it can be argued that the micromechanical behavior of
imperfect interfaces (as defined in Chapter 2 and in Section 4.1) around heterogeneous
materials can be simulated by the use of one type of interface formulation, i.e., the
frictional interface employing a range of friction coefficients. Suchan approach
allows a simplified formulation to map a range of potential micromechanical behavior
in heterogeneous materials under uniaxial and biaxial compression loading.
4.3Frictional Interfaces and Elastic Moduli Ratios in Heterogeneous Materials
Finite element modeling results are presented for a variety of interfacial friction
coefficients and elastic moduli ratios (EJE) for materials containinga cylindrical (two-
dimensional) or a spherical (axisymmetric) reinforcement under uniaxial and biaxial
loading. Complete numerical solutions were developed for these simulations but only
the hoop stress (gee) components are plotted. This approach of focusingon the bee
component to determine the micromechanical behavior of heterogeneous materials
allows a concise presentation of the effects of interfacial friction and elastic moduli
mismatch. Moreover, as shown in Figures 4.9 and 4.10, and throughout Chapter 2,
radial stresses are of little consequence since they are either compressiveor zero
across frictional interfaces.
In all subsequent models, it is assumed that the interfacial gap is zero. For
example, in fiber reinforced ceramics [72-74] and glasses [75-77] with frictional116
interfaces, the reinforcement (fibers) is in intimate contact with the matrix (ceramicor
glass). Other composites are believed to follow this same trend ofnear intimate
contact between reinforcement and matrix with perhaps only negligible interfacial
gaps, arising from differences in thermal expansion coefficients or processing routes
[78-80].
During the course of this investigation, several different finite element models
were constructed based on various assumptions that were based on experimental data
or data in the literature. For clarity, the present FEM employs the following
assumptions and constraints: (i) plane strain or axisymmetry for fiberor particulate
reinforced materials, (ii) a frictional interface using contact elements to transfer the
normal and tangential forces across the interface, (iii) no preexisting interfacialgap
between the reinforcement and matrix and (iv) a Poisson's ratio of 0.30 (many
engineering materials have Poisson's ratios that range from 0.24 (A1203) to 0.34 (Al)
[46], hence, u = 0.30 is a typical value).
4.3.1Friction and Ec/E: Uniaxial Compression Loading
Figures 4.12 - 4.14 present the Gee component for various combinations of
friction coefficients and elastic moduli ratios for both cylindrical and spherical
reinforcements under uniaxial compression. Results shown in Figure 4.12(a), (b), and
(c) are based on a constant elastic moduli ratio of EJE = 1.0 with frictional coefficients117
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Figure 4.12Finite element solutions for a frictional interface around a cylindrical
and spherical reinforcement. Eo and E are Young's moduli for the
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that vary from 0.0 (frictionless) to Friction= 1.0, where Friction is defined as the frictional
coefficient (.t).Tensile bee concentrations are presented for both cylindrical and
spherical reinforcements (Figures 4.12(a) and (b)) for all frictional valuesexcept Friction
= 1.0.Higher friction coefficients (e.g., 10) were investigated and foundto produce
similar results to that for Friction= 1.0, for both the cylindrical and spherical models.
Overall, almost identical trends and magnitudes are noted between Figures 4.12(a) and
(b). The slightly decreased magnitudes shown in Figure 4.12(b) for the spherical
reinforcement is reasonable because of the effect of geometry. As the matrix deforms
along the surface of the spherical reinforcement, the contactarea increases
parabolically as versus linearly for the cylindrical reinforcement. This change in
relative contact areas, and likewise the amount of tangential forces generated from
frictional contact, explains the lowered magnitudes and the slightly differentstress
concentration patterns shown between Figure 4.12(a) and 4.12(b).
Figure 4.12(c) shows the section from 0 to 45 degrees of Figure 4.12(a). The
magnified area shows the effect of friction on producing tensile(Yee concentrations
along the interface. Near the pole, high compressive forces induce high tangential
forces, even at low friction values, e.g., Friction= 0.10, and induce a sudden decrease in
the tensile bee and shift in its peak maximum away from the pole of the
reinforcement. At friction values from 0.0 to 0.50, a smooth transition of decreasing
tensile ois shown. This feature arises from slip/stick behavior within the contact
region and debonding along the remainder of the interface. For example,at a friction
value of 0.25, theGee is near 0 at the pole of the reinforcement (0 degrees) and119
reaches a maximum at 10 to 15 degrees. Near the pole, high normalforces effectively
lock the matrix against the reinforcement, and conversely,at 35 to 90 degrees, the
matrix is free to slide against the reinforcement (i.e., the matrix hasdebonded from the
interface).Tensile Goo arise from the relative differenceor Due between the locked,
slip/stick, and debonded regions around the interface. At higher frictionvalues, the
locked interfacial region increases in size at theexpense of the frictional region of the
interface (i.e., the region between locked and debonding behavior). Thisresult is
shown in Figure 4.12(c) where compressive Geeoccur from 0 to 10 degrees (Friction =
0.50) and from 0 to 30 degrees (Friction= 1.0).Past this locked region, an increase in
Gee is noted in all cases.
Several conclusions can be made for the results shown in Figure4.12 for
cylindrical and spherical reinforcements with elastic moduli ratios of1.0: (i)
frictionless behavior creates the highest tensileGoo concentrations, (ii) friction
induces locked interfacial behavior under compression loading, (iii) frictionallocking
limits the slip/stick mechanism and drives the tensileGee to lower values, and (iv) an
increase in friction directly lowers the tensileGee concentration.
Interestingly, if a solution for a perfectly coherent interface is comparedwith
that for Friction = 1.0, the solutionsare nearly identical from 0 to 30 degrees. (Additional
details on the coherent interface will be shown in Figure 4.14.) This resultimplies
that under compressive loading, a frictional interfacecan act similar to a coherent
interface near the pole of the reinforcement. As would be expected, from30 to 90
degrees the two solutions naturally diverge due to interfacial separation forone and120
perfect bonding (or coherency) for the other. H This same result was also noted for
the spherical reinforcement.
The effect of varying the elastic moduli ratio (Er/E) is shown in Figure 4.13. A
friction value of 0.50 was chosen as providing a median frictional response between
the solutions presented in Figure 4.12. At first glance, the solutions presented in
Figure 4.13(a) and (b) appear to converge at the 30 degree point. This point of
convergence roughly corresponds to the point of maximum tensile sae° shown in
Figure 4.12(a) and (b) and is fixed by the frictional value along the interface. For
example, if a lower friction value is used, the point of inflection at 30 degrees would
be moved closer to the pole, i.e., 15 degrees.
As the stiffness of the reinforcement is increased, the tensile aee maximum
moves farther and farther away from the pole of the reinforcement (0 degrees).
Interestingly, a peak tensile aee is shown in Figure 4.13 for the elastic moduli ratio of
EJE = 100 for both cylindrical and spherical reinforcements. This effect of increasing
tensile aee with increasing reinforcement stiffness is due to the micromechanics of
the frictional interface along the matrix and reinforcement. As the stiffness of the
reinforcement increases, deformation is resisted within the reinforcement, and radial
stresses (an.) increase along the contact region in the surrounding matrix. This
increase in radial matrix deformation (i.e., a higher negative ur) spurs a concurrent
increase in tangential displacement (i.e, a higher positive ue) along the contact
interface (directly proportional to the Poisson's ratio). From this effect, a higher
tensile 600 occurs between the locked region of the interface (i.e., from 1 to 10121
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Figure 4.13Finite element solutions for a frictional interface around a cylindrical
and spherical reinforcement of varying elastic moduli ratios.122
degrees in Figure 4.13(a) and (b)) and the debonded region (the relative Auo is
increased). Figure 4.13 shows that this effect only becomes dominantat very high
moduli ratios (from 5.0 to 100) whereas, at lower moduli ratios (from 1.0to 2.0) this
effect just broadens the tensileGee concentration and moves the peak tensile bee
slightly to the right.
Figure 4.14 presents the extremes of micromechanical behavior thatare
possible within heterogeneous materials with dilute concentrations of cylindrical
reinforcements. A similar figure was not generated for thecase of spherical
reinforcement since all trends described in Figures 4.12 and 4.13were nearly identical
for the two geometries.
The first two curves in Figure 4.14 (labeledEJE = 1.0 - Frictionlessand EA = 1.0-
Niction=1.0) are from Figure 4.12 and show the extreme behavior possible fora
frictional interface with a reinforcement having thesame modulus as the matrix. The
third curve (E0/E = 100-Friction=0.25)shows how a combination of high modulus and low
friction results in a broad plateau of tensile Geo. This plateau stretches from-10 to -60
degrees and provides a large region for crack initiation.Conversely, the fourth curve
(EJE = 100 - Frictiol1.00) shows a narrow tensileGee concentration having a peak
maximum of 0.6. Although this maximum is slightly greater than that shownfor
curve #3 with a tensile Gee maximum of 0.4, it is believed that the micromechanical
behavior shown by curve #3 would result in higher probability of fracture initiation
along the interface. That is, in curve #3 defects are stressedover a large region where
the probability of one large defect initiating a crack is perhapsgreater than if the123
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cylindrical reinforcement.124
tensile (Too is concentrated over a narrower region (e.g.,curve #3 plateau ranges from
10 to 60 degrees while curve #4 ranges from 40 to 68 degrees). This micromechanical
behavior of fracture occurring within regions of high tensilestress, but not necessary
the highest stressed region, is termed probabilistic fracture mechanicsor weak-link
theory [80,81]. Many brittle materials display this behavior when loaded under
compression or tension [46, 82-86].
The last curve shown in Figure 4.14 is that fora perfectly coherent interface.
This case is shown for general completeness and to emphasize the lockednature of the
high friction imperfect interfaces near the pole of the reinforcement.It is interesting
that a perfectly coherent interface produces a small tensile(Too concentration at the
equator of the reinforcement under compression loading.
As discussed, Figure 4.14 shows that a maximum peak tensileGoo of 0.6
occurs for the high friction and high modulus case (curve #4: E./E = 100- Fliclion=1.00).
This maximum is higher than any other combination of friction and moduli mismatch
shown in Figures 4.12 and 4.13.This phenomenon is partially explained by
observing the similarity between curves #4 and #5 between 0 and 30 degrees. Within
this region, the matrix is locked to the interface and all displacements (ur andu0) are
continuous across the interface (a localized region where the interface is perfectly
coherent between the reinforcement and matrix). As contact is broken, the matrixis
free to deform and the relative tangential displacements (Au0) between the lockedand
debonded region (which now comprises a smaller region) quickly drives the peak
tensile 600 to a maximum.125
From Figures 4.12 to 4.14 the following observationscan be made for both
cylindrical and spherical reinforcements under uniaxial compression: (i)a frictionless
interface creates the highest tensile Geo, (ii) friction lowers and shifts the peak tensile
(Teo away from the pole if the reinforcements are of equivalent stiffnesses (i.e., EJE=
1.0 or 2.0), (iii) friction can lock the interface and mimic a perfectly coherent interface
near the pole of the reinforcement, (iv) increasing elastic moduli ratios correspondingly
increase the tensileGee regardless of the friction value, (v) high moduli ratios (i.e.,
5.0 to 100) create large regions of moderate tensileGee concentrations which facilitate
crack initiation along the interface, and (vi), a combination ofa low modulus
reinforcement (EjE =1.0 or 2.0) with a moderate to high frictional interface (Friction= 0.5
or 1.0) produces the lowest tensile Gee concentrations in the model heterogeneous
material systems.
4.3.2Friction and E/E: Biaxial Compression Loading
Figures 4.15 and 4.16 show that similar trendsare observed under biaxial
loading as that discussed for uniaxial compression. For example, the resultspresented
in Figure 4.15(a) and (b) are very similar to those given in Figure 4.12(a) and (b).
The major difference between the two sets of results is the magnitude of the tensile
Gee concentrations. As would be expected, the dominant effect of biaxial
compression is to decreases the tensile saes concentration along the interface. ThisGoo Components
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Figure 4.15Finite element solutions for frictional interfaces around a cylindrical and
spherical reinforcement of constant elastic moduli ratio under biaxial
loading. E. and E are Young's moduli for the reinforcement and matrix,
respectively.127
effect is proportional to the compressive stress concentration induced by the x-axis
load. That is, for the 10-1 biaxial load, a side load of 0.1 producesa net decrease in
the peak frictionless interface solution of 0.2. This result is in accord with the
frictionless interface solution shown in Figure 4.12 where a compressivea
concentration of 2.0 is generated from a normalized uniaxial load of 1.0.
The 10-1 biaxial ratio was chosen to demonstrate the how even relatively small
side loads can affect the micromechanical response of the imperfect interface. The
friction value of 0.50 shown in Figure 4.12 was intentionally omitted from Figure 4.15
since the general trend between Gee concentrations and increasing frictionwas
established in Figure 4.12. This same trend is shown for both cylindrical (Figure
4.15(a)) and spherical reinforcements (Figure 4.15(b)).
As the compressive side load is increased, Figures 4.15(c) and (d), show that
tensile 080 concentrations are completely eliminated for all frictional interface
conditions except that for zero friction. The biaxial load ratio of 2.6-1 is derived from
the ratio of ay and CYxthat occur in the region of maximum shear stress produced from
a sphere contacting a flat sheet. The equations that define ay and ax, and the exact
location beneath the surface of contact where this maximum shear stressoccurs are
given by Timoshenko and Goodier [87].Solutions involving curved surfaces
contacting other curved surfaces (or flat surfaces) are commonly referred toas
Hertzian contact problems.
Under such high biaxial loading as defined by the Hertzian solution, fracture
would initiate by means other than by tensile fracture along the interface. Fracture128
could occur by shear failure within the matrix [88-90] or by repeated contact fatigue
[91-95].Alternatively, fracture could initiate from preexisting flaws or holes within
the matrix, or conversely from reinforcement failure [1-14]. As such, solutions
presented in Figure 4.15(c) and (d) will not be discussed in detail because one goal of
this research is to focus on tensile Gee concentrations that arise in heterogeneous
materials.
Figure 4.16 shows the effect of varying the elastic moduli ratio under biaxial
compression for a cylindrical reinforcement. The spherical solution has been omitted
since similar trends has been consistently noted throughout this investigation between
the two geometries. As in the uniaxial case, an increase in the stiffness of the
reinforcement from 1.0 to 100 produces a corresponding increase in Gee. However,
this increase is insufficient to counter the effects of the biaxial load and only very
small tensile aoe concentrations occur from 10 to 35 degrees.
As the biaxial load is increased to 2.6-1, Figure 4.16(b) shows that all am
concentrations are compressive. This result is important because it indicates that
heterogeneous materials under high biaxial compression loading will not fail by tensile
fracture along the interface. The addition of dilute concentrations of reinforcements to
materials used primarily under point contact conditions should have no adverse effect
on the materials fracture behavior.-2
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Figure 4.16Finite element solutions for a frictional interface arounda cylindrical
reinforcement of varying elastic moduli ratio under biaxial compressive
loading.130
Figure 4.17 shows the extremes of micromechanical behavior thatare possible
within heterogeneous materials with dilute concentrations of cylindrical reinforcements
using a 10-1 biaxial loading.Similar figures were not generated for 2.6-1 biaxial
loading (only the frictionless solution allows tensile cree concentrations to develop)
and for both loading configurations (10-1 and 2.6-1) involving the spherical
reinforcement.
Results from Figure 4.15 are plotted as curves #1 and #2 in Figure 4.17. As
discussed, a tensile maximum is always predicted for the frictionless interface solution.
However, a frictionless interface is only a modeling ideal and would be difficult to
replicate in a real material system. The only unique behavior,as compared to the
results shown in Figures 4.15 and 4.16, is that shown in bycurve #4 (EJE = 100 and
Diction=1.0) in Figure 4.17. Whereas in the uniaxialcase, Figure 4.14 shows a sharp
peak for the same reinforcement and interfacial parameters, under biaxial loading this
sharp peak is replaced with a smooth curve having onlya very small tensile bee
concentration. As discussed for the uniaxial case, this sharp peak shown in Figure
4.14 arises from the narrow transition from locked to debonded interface in the high
modulus, high friction interface. Under 10-1 biaxial loading, slip/stickoccurs
completely around the interface preventing any sharp transitions in relative tangential
displacement (AO, and hence, any sharp rises in 688 concentration.131
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Figure 4.17Predictions of extreme behavior for a frictional interface around a
cylindrical reinforcement under 10-1 biaxial loading.132
In general: (i) the same trends as noted under uniaxial loading are noted
for biaxial loading; (ii) side loads have a dramatic effect on decreasing the tensile(Yee
concentrations formed along the interface; (iii) cylindrical and spherical reinforcements
follow identical trends under biaxial loading; and (iv) Hertzian based biaxial loading
(2.6-1) effectively eliminates tensile (Yee concentrations for all cases except that of the
frictionless interface.
4.4Non-dilute Reinforcement Effects in Heterogeneous Materials
Many engineered heterogeneous materials have concentrations of
reinforcements that far exceed the dilute-reinforcement assumption required by the
analytical solutions developed in Chapter 2, or used in the numerical models discussed
in Chapter 4, Section 4.2.2. For example, many reinforced ceramics and glasses have
volume fractions of fibers from 40 to 60% [96-99] or particulates from 15 to 60%
[78,100-103]. To investigate this effect, volume fractions of 25 and 50% were studied
under uniaxial and biaxial compressive loading using the unit cell approach discussed
in Chapter 2. These two volume fractions, in concert with the prior work on dilute
volume fractions, provide a range of modeled behavior that is applicable to existing
heterogeneous materials. Only four combinations of frictional interface and elastic
moduli were investigated: (i) #1 EJE = 1.0 - Frictionless, (ii) #2 EJE = 1.0- Friction=1.0, (iii) #3
EJE = 100 - Friction 0.25, and (iv) #4 EJE = 100 - Friction=1.0.This choice allows a direct133
comparison with the micromechanical behavior discussed in Figure 4.14 and 4.17 for
the dilute reinforcement model, and provides an estimate of the overall extreme
behavior that might be expected from heterogeneous materials with imperfect
interfaces.
4.4.1Volume Fractions 25 & 50%: Uniaxial Compression Loading
Figure 4.18 shows the effect of increasing the volume fraction of cylindrical
reinforcement (e.g., fiber-reinforcement) from 25 to 50%. Figure 4.18(a) provides
results that are almost identical to that shown in Figure 4.14 for dilute volume
fractions. One general trend shown in Figure 4.18(a) is the slightly higher tensile bee
concentrations shown for cases #3 and #4. This effect is due to the higher moduli
reinforcement (EjE = 100) that concentrates the slip/stick frictional behavior within a
narrow region, and thereby induces higher peak tensile aee concentrations. A similar
effect was noted and discussed for the cases described in Figures 4.13 and 4.14.
However, this effect is slightly increased for the 25% volume fraction, resulting in
slightly higher aee concentrations. As the volume fraction of reinforcement is
increased to 50%, Figure 4.18(b) shows that this effect does not scale in magnitude.
In fact, Figure 4.18(b) shows that the peak tensile aee actually decreases in
magnitude with the increase of volume fraction from 25 to 50%. However, the
frictionless solution (case #1) shows a dramatic increase in tensile aee concentration600 Components
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Figure 4.18Finite element solutions for a frictional interface around a heterogeneous
material with cylindrical reinforcements comprising 25 and 50% of the
volume fraction of the material.135
with an increase in volume fraction. These results will be subsequently explained by
the unique nature of the frictional and frictionless interface micromechanics.
Figure 4.19 shows a schematic of this micromechanical behavior. In thecase
of the frictionless interface, the tensile Gee is large since loads are only transferred
radially across the interface into the reinforcement (i.e., no tangential forcesare
transmitted across the frictionless interface). This micromechanical behavior implies
that the matrix must support all tangential forces generated from contact against the
reinforcement. Moreover, the matrix is effectively 'thinned' as the volume fraction is
increased, shrinking the volume of material that carries the tangential forcesas a result
of the matrix sliding around the reinforcement.
Alternatively, a frictional interface effectively transmits tangential forces
between the matrix and reinforcement. Figure 4.19(b) shows that compressiveGee
concentrations occur at the pole of the reinforcement from frictional locking (as in the
dilute reinforcement model) and are due to the presence of adjacent reinforcements
that provide additional tangential restraint within the narrow matrix region. This latter
result is shown in Figure 4.18 where higher compressive Goo concentrationsare
shown at the pole of the reinforcement as a function of increasing volume fraction of
reinforcement. Interestingly, this micromechanical behavior results in tensileGee
concentrations that actually decrease as the volume fraction of reinforcement is
increased. Otherwise, all trends shown in Figure 4.18 are similar to those discussed
for the dilute models.(a) Frictionless interface
1 1 1
t t t t
1
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1 1 1
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t t t t t
Figure 4.19Schematic of (a) frictionless and (b) frictional interfaces at a volume
fraction of 500/0 of cylindrical or spherical reinforcement.137
Figure 4.20 shows a similar set of results for an increasing volume fraction of
spherical reinforcements (e.g., particulates). In most cases, similar trends are noted
between Figures 4.18 and 4.20. Figure 4.20(b) does show higher tensile 000
concentrations for the frictionless solution and lower compressive 000 concentrations
at the pole of reinforcement for the high moduli cases #3 and #4. This behavior is
due to the very thin matrix layer that exists between two adjacent spherical
reinforcements in the axisymmetric model at a 50% volume fraction.This strictly
geometric effect from moving from cylindrical to spherical geometries, nonetheless has
a positive effect on lowering the tensile 000 concentrations. Again, the matrix is
squeezed between the reinforcements, and if higher moduli reinforcements exists, the
stiff reinforcements resist deformation and provide additional constraint against matrix
deformation, resulting in lower tensile 000 concentrations.
This set of results shown in Figures 4.18 and 4.20, indicate that if the
reinforcement is cylindrical (fiber) or particulate (spherical): (i) frictional interfaces
have the ability to inhibit the build-up of deleterious tensile 000 concentrations as the
volume fraction of reinforcement is increased; (ii) a frictionless interface results in
high tensile 000 concentrations that scale with the volume fraction of reinforcement;
(iii) volume fraction effects are not noticeable until the 50% level; and (iv) under
uniaxial compression loading, an increase in the volume fraction involving a frictional
interface has no deleterious effects (i.e., results in lower tensile 000 concentration
along the interface).2
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Figure 4.20Finite element solutions for a frictional interface around a heterogeneous
material with spherical reinforcements comprising 25 and 50% of the
volume fraction of the material.139
4.4.2Volume Fractions of 25 & 50%: Biaxial Compression Loading
Under biaxial compression, Figures 4.21 and 4.22 show that the results are
similar to that shown in Figures 4.15, 4.16, and 4.17 for the dilute models. For
example, if a frictionless interface is operative, than tensile Gee concentrations occur
regardless of the biaxial load configuration. Full results are not shown for the case of
the spherical reinforcement because all pertinent trends are similar to those shown for
the case of the cylindrical reinforcement.
In general, the same discussion can be used for Figures 4.21 and 4.22 as that
used for Figures 4.15, 4.16, and 4.17. A slight increase in tensile (500 is noted in
Figure 4.21(a) for curves #2 and #4, as compared to Figure 4.17. This slight increase
follows the same trend as noted in Figure 4.18(a) and arises from interaction effects of
the adjacent reinforcements. Under higher biaxial load, Figure 4.22(a) and (b) show
that all tensile (Yee are eliminated (which is identical to the results shown in Figures
4.16 and 4.17). Therefore, under biaxial loading, whether 10-1 or 2.6-1, the effect of
increasing volume fraction is similar to the case of dilute concentrations of
reinforcements.1.5
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Figure 4.21Finite element solutions for a frictional interface around a heterogeneous
material with cylindrical reinforcements comprising 25 and 50% of the
volume fraction of the material under 10-1 biaxial compressive loading.1
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This chapter has presented a number of figures relating the effects of friction,
moduli mismatch (EA), and volume fraction of reinforcement. These effectswere
presented in a condensed format as a function of one parameter- the tangential stress
component or hoop stress (a.). Various combinations of reinforcement modulus and
frictional interface were shown to produce high tensilebee concentrations along the
interface. Moreover, the location of this deleterious tensile stresswas shown to occur
away from the pole of the reinforcement if any type of frictional behavior occurred
along the interface. This behavior was consistently shown for uniaxial and 10-1
biaxial loading, whether the reinforcements were diluteor non-dilute. Although this
micromechanical result was clearly shown in the numerical models, the next logical
step in this investigation is to show experimental evidence of fracture initiating from
these predicted tensile stress concentrations. Such evidence will provide collaborative
results that the numerical models are predictive in nature for heterogeneous materials
with imperfect interfaces..143
5. VERIFICATION OF MICROMECHANICAL PREDICTIONS
The purpose of this chapter is to provide qualitative verification of the finite
element models for heterogeneous materials with imperfect interfaces (i.e., frictional
interfaces).In Chapter 4, micromechanical results for these modelswere given in the
form of hoop stress ((Yee) concentrations fora variety of friction coefficients, elastic
moduli ratios (EJE), and packing arrangements (volume fractions representingdilute
and non-dilute concentrations). Tensilewerewere shown to occur along the interface
of the matrix and away from the pole of the reinforcement.It was argued that fracture
should initiate within these tensile aee regions, andas such, certain combinations of
friction, E0/E, and volume fraction of reinforcement should be avoided.Nonetheless,
no experimental evidence is available to substantiate these modeling predictions for
heterogeneous materials. Therefore, the goal of this chapter is providean example of
fracture initiation in a model heterogeneous material system withan imperfect
interface.
The model system presented in this chapter consists of cast blocks of polyester
resin using two configurations of reinforcements: (i)a single steel pin (i.e., a dilute
concentration of reinforcement) and (ii) multiple steel pins simulating 25% volume
fraction of reinforcement. A frictionless and frictional interfacewas then simulated in144
the model system. All model systems were loaded under uniaxial compression until
fracture had initiated along the interface. Photographs were made during and
subsequent to compression testing to record fracture initiation sites.Finite element
predictions of where crack initiation should occur along the interface are then reviewed
and compared to the experimental results.
5.1Heterogeneous Compressive Fracture Model
In the development of the heterogeneous model system, the following design
criteria were considered: (i) transparency of matrix material to facilitate crack
detection, (ii) low fracture toughness of matrix, and (iii) fracture in a brittle manner.
A polyester casting resin [104] was selected to meet these design requirements. This
resin was catalyzed with 1% methyl ethyl ketone peroxide and cured overnight inan
oven heated to 325 K.When cured the resin is (i) completely transparent, (ii) quite
brittle with a fracture toughness of 0.5 MPalim [105], (iii) fractures in a brittle manner
due to its amorphous nature [106].It was also found that the resin would easily cast
into large shapes (8x8x5 cm) without porosity.
Schematics of the two model systems are shown in Figure 5.1. Aluminum
molds were constructed that allowed the steel pins to be inserted through the sides of
the mold and into the mold cavity. The catalyzed resin was then poured into the mold
and around the pins. The final cast models were similar in shape and size as that145
shown in Figure 5.1(a) and (b).Steel pins were chosen as the reinforcement since
they provided a very stiff reinforcement in contrast to the elastically softer polyester
matrix.
The elastic modulus and Poisson's ratio of the cured polyester resinwas
measured from a cast cylinder (8 cm by 2.54 cm in diameter) under uniaxial
compression. Two strain gauges (180 degrees apart) were epoxied onto the cylinderto
measure the hoop strain (e00) and a clipped-on displacement gauge was used to
measure the axial strain (czz).Poisson's ratio was then calculated as u =-eedezz-
From this test, the elastic modulus and Poisson's ratio were measured to be 4.46 GPa
and 0.34, respectively. The elastic modulus compares adequately with that reported
under tension at 4.96 GPa. The measured Poisson's ratio of 0.34 is low but not
unreasonably when compared to another amorphous, stiff plastic (PMMAu = 0.36).
Difficulties were encountered with polyester shrinkageon the single pin model.
That is, the resin sets 373 K and contracts upon cooling around the pin. This
contraction induces tensile hoop stresses (ace) around the pin and also hinders the
removal of the pin after curing. This problem was solved by usinga steel pin that
was 0.05 mm larger in diameter than the final test pin (1.270 cm). An exact
calculation to permit a zero tolerance fit between the pin and polyester matrixwas not
feasible due to poorFigure 5.1
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Schematics of cast polyester blocks with steel pins: (a) one steel pin for
dilute representation and (b) multiple steel pin model having a volume
fraction of 25% reinforcement.147
confidence in the available data for the coefficient-of-thermal expansion for polyester
resins. However, the final test pin was still difficult to insert into the cast polyester
block. This extremely snug fit was warranted by the desire to avoidany interfacial
gap between the pin and block. This same snug fit was obtained in the multiple pin
model without the use of alternative pin diameters during curing. That is, the multiple
pin model used a smaller diameter pin (0.635 cm), and hence, thermal contraction
stresses were less around the pin. A calculation will be given in the Section 5.3 on
the effects of this thermal contraction stress.
5.2Uniaxial Compression Experiment and Results
The polyester models were loaded under uniaxial compression between 1.2cm
thick, PMMA plates. The purpose of the PMMA plates (I) = 0.36)was to reduce end-
constraint effects during uniaxial compression. Figures 5.2(a) and (b) showa single-
pin model loaded under compression. Figure 5.2(a) shows one of the PMMA plates at
the top of the photograph. Figures 5.2(a) and (b) show the development of crack
initiation in the single-pin polyester model. Figure 5.2(a) shows that fractureoccurs at
about 20 degrees from the vertical (uniaxial compression axis). As the compressive
load is increased, Figure 5.2(b) shows that this first fracture is subsequently followed
by another crack at about 20 degrees from the vertical.148
Figure 5.2Single-pin polyester model showing (a) first crack initiation at 20
degrees from vertical and (b) subsequent crack initiation at higher load.149
As discussed in Chapter 2,3, and 4, ideally these fracture events should occur
in perfect symmetry around the vertical axis. However, for this symmetry tooccur,
crack initiation would have to occur simultaneously on both sides of the vertical axis.
That is, once fracture occurs on either side of the vertical axis, all symmetry is lost
and the initial micromechanical predictions are no longer valid. Nonetheless, Section
5.3 will show that the initial position of the first fracture event (or likewise the second
fracture event at 180 degrees from the first event) correlates well with the
micromechanical predictions developed in Chapter 4.
Figure 5.3(a) shows the overall fracture pattern of the multiple-pin polyester
model (steel pins have been removed). As can be observed, the crack initiation is
highly irregular in nature. In some portions of the model multiple fractures (e.g.,
upper left-hand corner) have occurred while in other portions (e.g., lower right-hand
corner) the matrix is intact around the pin hole.Qualitatively, Figure 5.3(a) shows
that the majority of cracks initiate away from the vertical axis or on the shoulder of
the reinforcement.
Figure 5.3(b) shows a magnified portion of Figure 5.3(a).Interestingly, the
crack pattern displays symmetry around the vertical axis as would be predicted by the
numerical models given in the prior chapters. Evidently, crack initiation occurred ina
nearly spontaneous manner on both sides of the vertical axis, therefore maintaining
symmetry during crack initiation and propagation.Is°
Figure 5.3Multiple-pin polyester model showing (a) global crack pattern and (b)
local crack pattern showing symmetric crack initiation.151
Figure 5.4 presents a summary of crack initiation data for two multiple-pin
polyester blocks. Single-pin data was not considered since: (i) onlya few
measurements (typically two cracks per block) were available and (ii) numerical results
from Chapter 4 show that the 25% volume fraction model (multiple-pin)produced near
identical tensile Gee concentrations as the dilute model (single-pin). As such,the
multiple-pin model provided numerous measurements with applicabilityto both dilute
and non-dilute applications. Crack initiation angleswere measured from enlarged
photographs of fractured polyester blocks. The vertical axis (Y-axis)was used as 0
degrees and all crack initiation angleswere measured as positive from this 0 degree
reference point. Individual measurements are denotedas circles - which also give
some indication of the error in measurement, i.e., ± 3 degrees.
The bulk of measurements fall within the bands markedon Figure 5.4 from
about 10 to 25 degrees. This range of measurements is reasonableconsidering the
brittle nature of cross-linked polyester resins [106]. That is, fractureinitiates from a
distribution of flaws and a probabilistic approach must be usedto describe the crack
initiation behavior (i.e., weak-link theory).Nonetheless, the experimental data would
indicate that the 000 concentration is fairly consistent from about 10to 25 degrees
along the interface- if concurrently, the flaw size can be assumed to be fairly uniform.Figure 5.4
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Summary of crack initiation data collected from two multiple-pin model
systems. Each block used a sixteen pin pattern simulation a volume
fraction of 25%.153
5.3Comparison of Experimental and Micromechanical Models
Figure 5.5 presents the Goo concentration arounda cylindrical reinforcement
with a friction coefficient of 0.20.This plot is similar to those presented in Chapter 4
and shows a broad plateau of tensile Gee occurring from 10 to 50 degrees. In
Chapter 4 a range of elastic moduli's and frictional valueswere considered. In this
particular model system, the elastic moduli ratio was fixed at EJE= 47 and the friction
coefficient was determined to be 0.20 from published dataon polyester sliding against
steel [71,107].A second curve incorporates a thermal strain calculation. This
calculation uses an average value of 75 MK-1 for the coefficient-of-thermal expansion
(CTE) for polyester (values ranged from 50-100) anda CTE of 12 MK-1 for steel
[105]. The strain-free temperature was the polyesters' peak exothermtemperature of
368 K.Since the second curve involves a superposition ofa specific thermal strain
on the model, a typical crack initiation load (-75 MPa uniaxial compressive stress)was
used to reflect experimental conditions. Bothcurves are nearly identical in mapping
the Gee concentration around the interface. The thermal stress calculation showsa
slightly higher tensile Goo from 0 to 40 degrees and is explained by the overalltensile
Gee effect of the polyester matrix contracting around the steel rod. Moreover, it
appears that compressive loading negates most of the effect of tensile thermal strains
induced from CU mismatch.-2
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Figure 5.5Stress concentration plot for a polyester block with 25% volume fraction
of reinforcement (EJE = 47).155
The 'Crack initiation region' marked on Figure 5.5 is derived from Figure5.4.
That is, the range of crack initiation angles shown in Figure 5.4are bracketed by the
this marked region. Although the correlation between prediction andexperiment is not
exact, the agreement is still favorable for the following reasons.First, Figure 5.4
shows a broad distribution of crack initiation withan average around 15 degrees, the
model predicts a similar distribution with a local maximumat 15 to 25 degrees.
Second, although difficult to observe, the frictional model showsa global maximum at
about 45 degrees, however this maximum is only 7.8% higher than thelocal maximum
within the broad plateau of tensile aoe.Additionally, this global maximum
disappears when the effects of thermal strainare introduced. Third, it should be
emphasized that fracture in brittle materials is highly probabilistic.Therefore, the
broad plateau of fairly constant tensileaee shown in Figure 5.5 correlates well with
the broad distribution of cracks shown in Figure 5.4. Andfourth, a friction value of
0.20 is a experimental approximation ofa parameter that most likely varies to some
extent around this number. For example, a friction coefficient of 0.10 produceda
better fit to the crack initiation data presented in Figure 5.4 (movedthe curve shown
in Figure 5.5 to the left), however, the literature indicates that0.20 is the appropriate
friction coefficient.
The important feature of this comparison is that the experiment andthe finite
element model are in agreement that a broad region of crack initiationoccurs around a
frictional interface, i.e., no one crack angle dominates. Moreover, thesame clustering
of crack initiation events shown in Figure 5.4are predicted by the model results156
shown in Figure 5.5.That is, within the marked region, the tensile Gee rises to a
local maximum and then decreases. Additionally, the micromechanical behavior
predicted by the finite element model correlates well with experimental probabilistic
behavior of the polyester model system. In summary, the polyester models provideda
qualitative comparison between the crack initiation behavior observed ina model
heterogeneous system with a frictional interface and that predicted by the prior
developed finite element models.157
6.SUMMARY AND CONCLUSION
This work has strived to develop a fundamental and applied micromechanical
description of the behavior of heterogeneous materials with imperfectinterfaces under
compressive loading. To summarize this body of analytical, numerical, and
experimental work, selected results from Chapters 2 to 5 will be highlighted.
In Chapter 2 the investigation was focussedon the comparison of analytical
techniques against numerical (finite element analysis) models. Resultsfrom this work
were:
A new analytical solution was developed fora thin, elastic layer around a
cylindrical reinforcement.
The major limitation of the analytical solutionswas the inability to model
separation or debonding along the interface. Moreover, the frictionless solution
has little relevance to more realistic material behavior, i.e., frictionalbehavior
across a decoherent interface.
Nonlinear finite element models that allow matrix separation andinterface
friction provide a more robust simulation of the micromechanicalbehavior of
heterogeneous materials.158
In Chapter 3 an experimental heterogeneous model system havingan imperfect
interface was developed. This model system consisted ofa PMMA plate (matrix) with
a steel rod (cylindrical reinforcement). A hole was drilled into the PMMA plate and
the steel rod was inserted. Under compression loading,a frictional interface (i.e., one
type of imperfect interface) was simulated between the PMMA matrix and steel rod.
Laser moire interferometry was subsequently used to describe the micromechanical
behavior of the model system under uniaxial and biaxial loading. Resultsfrom this
work are as follows:
Techniques were shown for the uniform uniaxial and biaxial compressive
loading of a frictional model system.
Several micromechanical phenomena were recorded via laser moire
interferometry: (i) slip/stick frictional behavior along the interface, (ii)a unique
form of mechanical locking or non-proportional frictional behavior along the
interface in regions where low contact forces exist, and (iii) separationor
debonding of the matrix from the steel rod.
Observed phenomena were found to be repeatable and scalable under both
uniaxial and biaxial compression loading.
In Chapter 4, the finite element technique was applied to micromechanically
describe the behavior of the model heterogeneous material system, and subsequently,
provide insight into the behavior of a wide range of simulated heterogeneousmaterials.
Results from this work showed that:159
Displacement results generated from the nonlinear finite element models were
found to be in fundamental agreement with the displacement patterns recorded
via laser moire interferometry on the model heterogeneous material system.
A unique mechanical locking or non-proportional frictional behavior was
described for the frictional behavior occurring along the PMMA/steel rod
interface.
Nonlinear finite element models were developed to gauge the effects of
increasing friction along the interface, elastic moduli mismatch between the
reinforcement and matrix, and increasing volume fraction of reinforcement.
Results for both cylindrical and spherical reinforcement geometries under
uniaxial and biaxial (10-1 and 2.6-1) compression were presented.
Under biaxial compression, all tensile peaks decreased in magnitude. Modest
side loads (i.e., 10-1) produced sharply decreased tensile Gee concentrations.
However, all trends described for the uniaxial compression model remained
intact under biaxial loading. At higher biaxial loads (2.6-1 or Hertzian), all
tensile Gee concentrations were eliminated except that for the somewhat
unrealistic frictionless interface model.
As the volume fraction of reinforcement was increased, it was found that the
tensile Gee actually decreased in magnitude. This result was found to hold
whether cylindrical or spherical reinforcements were simulated. This important
result implies that high volume fractions of reinforcements have no deleterious
effect upon the mechanical behavior of heterogeneous materials under160
compressive loading.
Tensile aeo results for dilute concentrations of reinforcementswere shown to
be similar to those for non-dilute concentrations, i.e., 25 and 50% volume
fraction of reinforcement. Furthermore, whether the loadwas uniaxial or
biaxial, results generated from the dilute concentration modelswere found to be
similar to those for non-dilute concentrations.
Lastly, in Chapter 5, fracture models were developed using cast polyester resins
as the matrix and steel pins as the reinforcement. Blocks were poured with single and
multiple steel pins embedded within the casting. Upon curing, the steel pinswere
removed and then reinserted (i.e., a frictional interface was simulated between the steel
pin and the polyester resin upon loading). Model systemswere loaded under uniaxial
compression until multiple fractures had occurred along the interface.Results from
this work showed that:
Cracks initiated on the shoulder of the reinforcement (away from the pole of
the reinforcement) whether a single- or multiple-pin arrangementwas used.
This correlation qualitatively confirms the numerical results that similar tensile
aoe patterns and magnitudes exist around the interface independent of
reinforcement concentration (i.e., dilute or non-dilute).
Fracture initiated predominantly between 10 and 25 degrees from the pole of
the reinforcement under uniaxial compression. This resultcompares favorably
with the numerical results showing that a broad plateau of tensileGeo exists161
along the interface within this region.
This latter result shows that nonlinear finite element modelscan simulate the
micromechanical behavior of heterogeneous materials with imperfect interfaces
under compressive loading.
In conclusion, a number of results have been presented detailing the
micromechanical response of proposed heterogeneous material systems. The
importance of the frictional interface has been shown in relation to the elastic
mismatch between reinforcement and matrix, and the volume fraction of reinforcement.
Results have shown that the micromechanical response is similar whether the
reinforcement is a fiber or a particulate, and whether the volume fraction is low (single
reinforcement model) or high (25 to 50% reinforcement). Lastly, crack initiation
around the interface in a model heterogeneous material was shown to follow these
numerical predictions.
This work provides numerous guidelines for the design of heterogeneous
materials under compression loading, i.e., the specification of elastic moduli ratios and
frictional interface conditions for the formation of low tensile hoop stresses. However,
the greatest merit of this study lies in its ability to describe the physical mechanisms
underlying the micromechanical response of heterogeneous materials under
compressive loading.162
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Appendix A
Laser Moire Patterns for Uniaxial and Biaxial Compressive Loading
This appendix presents the moire patterns from the uniaxial and biaxial
compression tests on the PMMA/steel rod model system described in Chapter 3.All
patterns use the same grating frequency of 1200 //m, and as such, eachcontour
represents a displacement of 0.833 1.1111.The patterns are presented in order of
increasing and decreasing load steps. The irregularities along the interface,most
notably from 0 to 30 degrees, are due to cracking and/or debonding of thespecimen
grating. This damage occurred during the fabrication of the modelsystem as the steel
rod was removed or inserted into the PMMA plate. A large waterspot is also
noticeable at about 280 degrees.Figure A.1Moire uy displacement pattern at a uniaxial compressive load of 21.5 kN - increasing.Figure A.2Moire ux displacement pattern at a uniaxial compressive load of 21.5 kNincreasing.-
Figure A. Moire uy displacement pattern at a uniaxial compressive load of 29.4 kN - increasing.Figure A.4Moire ux displacement pattern at a uniaxial compressive load of 29.4 kNincreasing.1
7
6Figure A.6Moire ux displacement pattern at a uniaxial compressive load of 39.6 kNpeak load.F
i
g
u
r
e
 
A
.
7
M
o
i
r
e
 
u
y
 
d
i
s
p
l
a
c
e
m
e
n
t
 
p
a
t
t
e
r
n
 
a
t
 
a
 
u
n
i
a
x
i
a
l
 
c
o
m
p
r
e
s
s
i
v
e
 
l
o
a
d
 
o
f
 
3
0
.
1
 
k
N
 
-
 
d
e
c
r
e
a
s
i
n
g
.Moire ux displacement pattern at a uniaxial compressive load of 30.1 kNdecreasing.Figure A.9Moire uy displacement pattern at a uniaxial compressive load of 22.2 kNdecreasing.Figure A.10Moire ux displacement pattern at a uniaxial compressive load of 22.2 kN - decreasing.1
8
2vi.
1
"1.51. 0.
Figure A.12Moire ux displacement pattern at a 5-1 biaxial compressive load of 21.9 kNincreasing.Figure A.13Moire uy displacement pattern at a 5-1 biaxial compressive load of 29.8 kN - increasing.Figure A.14Moire u, displacement pattern at a 5-1 biaxial compressive load of 29.8 kNincreasing.Figure A.15Moire uy displacement pattern at a 5-1 biaxial compressive load of 39.8 kNpeak load.Figure A.16Moire u, displacement pattern at a 5-1 biaxial compressive load of 39.8 kNpeak load.Figure A.17Moire u, displacement pattern at a 5-1 biaxial compressive load of 30.1 kNdecreasing.Figure A.18Moire ux displacement pattern at a 5-1 biaxial compressive load of 30.1 kN- decreasing.Figure A.19Moire uy displacement pattern at a 5-1 biaxial compressive load of 22.0 kN - decreasing.Figure A.20Moire ux displacement pattern at a 5-1 biaxial compressive load of 22.0 kN - decreasing. ,CD